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1 Where we are

• Newtonian mechanics (+ Newton’s law of gravitation) requires that absolute acceleration
be definable. In other words: NM requires a family of inertial frames. It seemed at the
time that the only sensible way to do this was to postulate substantival space: inertial
motion can then be defined as constant velocity w.r.t. background space.

Dynamical symmetries vs. space-time symmetries. Substantival space gives us more
structure than we need: we only need a standard of straightness for worldlines through
space-time (= affine structure); whereas substantival space gives us an uncalled for
standard of “verticality”, i.e. absolute rest. We now know that substantival space-time
can give us a standard of straightness without a standard of rest; this is “Galilean
space-time”.

• Special relativity, through the relativity of simultaneity, forces a space-time picture:
Minkowski space-time. But this is ‘special’ relativity, in the sense of limited applicability
of the laws: still we need a standard of worldline straightness (i.e. a family of inertial
frames). This is made vivid by the “twins paradox”.

2 Intimations of general relativity from previous theories

• The weak equivalence principle in NM+NG. Mass as inertia and as “gravitational charge”.

• The rotating disc in SR. Length-contraction along the direction of motion entails non-
Euclidean spatial geometry—and so non-Minkowskian space-time geometry—in non-
inertial frames.

3 General relativity: the basics

• The strong equivalence principle (SEP): motion due to gravity = inertial motion (Ein-
stein’s elevator). Motion under gravity as “natural motion”.

• Wordlines due to gravity are geodesics, i.e. “straightest” lines through space-time, given
the space-time metric (= “geometry of space-time”, but see next week). This implements
the SEP.

• The “geometry of space-time” is constrained by the distribution of mass-energy.

3.1 The ontology of GR

• A (smooth) manifold M . That is, M is associated with a base set of points (space-time
points?), and a topology such that local patches of M “look like”—are diffeomorphic
to—local patches of R4 ≡ R× R× R× R.
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• A metric tensor field g. Choose any point p ∈ M . Then gp is a tensor which takes
as input any two tangent vectors u, v at p, and outputs their dot product gp(u, v). In
particular, gp(u, u) gives the length-squared of u. If u and v both have unit length, then
gp(u, v) gives the (cosine of the) angle between u and v.

• A stress-energy tensor (a.k.a. energy-momentum tensor) field T . Choose any point
p ∈ M . Then Tp is a tensor which catalogues the quantity and flow of mass-energy
around p. Specifically: given any two tangent vectors u, v at p, Tp(u, v) gives the flux of
energy-momentum parallel to u through the “volume” perpendicular to v.

3.2 The Einstein field equations (EFEs)

A space-time is represented in GR by a triple 〈M, g, T 〉. Any triple represents a physically
possible space-time for GR iff a certain relation holds between g and T , specified by the
Einstein field equations (EFEs):

G(g, ∂g, ∂2g) = κT (1)

(κ = a constant). G(g, ∂g, ∂2g) is a tensor field which is a specific function of the metric field
g and its first- and second-order derivatives. Triples 〈M, g, T 〉 satisfying the EFEs are called
solutions. J. Wheeler: “Matter tells space how to curve, and space tells matter how to move.”

3.3 Diffeomorphisms

• Given any manifold M we can define a diffeomorphism from M onto itself. A diffeomor-
phism h : M → M is a permutation of M ’s points subject to the constraint that both
h and its inverse are smooth (= differentiable arbitrarily many times).

• Given any triple 〈M, g, T 〉 and any diffeomorphism h : M → M , we can define a new
triple 〈M,h∗g, h∗T 〉 in which, heuristically, any point p plays the same role that h(p)
plays in 〈M, g, T 〉; i.e. the values of the drag-along tensor fields h∗g and h∗T are the
same for p in 〈M,h∗g, h∗T 〉 as the respective values of the tensor fields g and T are for
h(p) in 〈M, g, T 〉.

• Given any triple 〈M, g, T 〉 we can define the equivalence class of all its “diffeomorphic
cousins”, i.e. the set of all the triples 〈M,h∗g, h∗T 〉, where h is a diffeomorphism.

3.4 Diffeomorphism covariance

• The EFEs possess a dynamical symmetry—indeed the most general symmetry you might
expect for a theory set on a smooth manifold: the EFEs exhibit diffeomorphic covariance.
That is, if g and T satisfy (1), then so will h∗g and h∗T ; i.e.

G(g, ∂g, ∂2g) = κT ⇒ G(h∗g, ∂h∗g, ∂∂h∗g) = κ(h∗T ). (2)

• Another way of saying this is that 〈M, g, T 〉 is a solution iff all its diffeomorphic cousins
〈M,h∗g, h∗T 〉 are solutions.
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4 The “hole argument”

In 1913, Einstein was still grappling with the matter of diffeomorphism covariance (he called it
general covariance). Having initially sought it in his early development of GR, he “momentar-
ily” (i.e. for two years) convinced himself that one ought not to demand it. His later reasoning
for why this is mistaken, and that diffeomorphism covariance is a reasonable demand, is now
known as the “hole argument” (see Norton (1984) for more details).

4.1 An argument for space-time relationism?

Earman and Norton (1987) saw in the “hole argument” a justification for space-time relation-
ism (the denial of space-time substantivalism). We reconstruct the argument here.

• Suppose we have a solution 〈M, g, T 〉 of the EFEs, for which some region H ⊂ M is a
hole; i.e. H is connected and T = 0 for all points in H.

• 〈M, g, T 〉 has a diffeomorphic cousin, characterised as follows. Let h : M → M be a
diffeomorphism such that

h(p) = p if p /∈ H;
h(p) 6= p if p ∈ H;

(3)

i.e. h is the identity everywhere except H. Since T = 0 in H, h∗T = 0 also in H; but
h∗T = T outside H too, since outside H, h is the identity. So h∗T = T everywhere. So
〈M,h∗g, T 〉 is a diffeomorphic cousin of 〈M, g, T 〉.

• Since 〈M, g, T 〉 is a solution of the EFEs, and the EFEs are diffeomorphically covariant,
〈M,h∗g, T 〉 is a solution too.

• But we can construct h such that h∗g 6= g. So a specification of T everywhere (i.e. for all
spacetime) and the EFEs fails to determine a unique metric—i.e. a unique geometry—for
space-time. This is an extreme form of indeterminism, but it seems fishy. (This is why
Einstein momentarily thought it was a bad idea to demand diffeomorphic covariance.)

• We can avoid the indeterminism if we take 〈M, g, T 〉 and 〈M,h∗g, T 〉 to be different
mathematical representations of the same physical space-time. (After all, all we observe
are point-coincidences: i.e. the values of different fields at the same space-time point.)

• This is a slingshot argument : we now have reason to treat every triple in the same
diffeomorphism equivalence class as representing the same physical space-time. This is
sometimes called Leibniz equivalence.

• But the only thing that differs between a triple 〈M, g, T 〉 and any diffeomorphic cousin
〈M,h∗g, h∗T 〉 is which field-value is assigned to which manifold point. Therefore, say
Earman and Norton, we ought not to consider manifold points as real, in and of them-
selves.
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4.2 Dissenting positions

• Substantivalism worth the name? Is it really fair to characterise substantivalism as a be-
lief in manifold points, independently of any field values? Newton’s own substantivalism
about space assumed that the geometry of space was Euclidean, so isn’t substantivalism
about space-time better characterised as belief in the independent existence of M only
when “dressed” with the metric field g? Or are the very terms ‘substantivalism’ and
‘relationism’ anachronisms in this context? (Cf. Rynasiewicz 1996.)

• Metrical essentialism. If manifold points have their metrical field-values essentially,
then at most one triple in each diffeomorphism equivalence class represents a physically
possible space-time. Therefore we have reason to deny Leibniz equivalence in way that
does not lead to rampant indeterminism. (See Maudlin 1989.)

• “Sophisticated” substantivalism. Does Leibniz equivalence entail relationism? If we
adopt a Lewis-style Counterpart Theory for manifold points, in which counterpart rela-
tions are governed by the values of the g and T fields, then the original indeterminism
does not even arise. Indeterminism is a modal thesis: among the solutions to the EFEs,
the facts in H do not supervene on the facts outside H. This claim is false if mani-
fold points in different solutions are cross-identified according to their field-values. (See
Butterfield 1989.)
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