
Quantum mechanics: the basics
PH431 Lecture 1, Monday 13 January 2014, Adam Caulton (a.caulton@lse.ac.uk)

William Thomson, Lord Kelvin (in a speech in 1900, entitled Nineteenth-Century Clouds
over the Dynamical Theory of Heat and Light):

The beauty and clearness of the dynamical theory, which asserts heat and light to
be modes of motion [i.e. classical statistical mechanics], is at present obscured by
two clouds. I. The first came into existence with the undulatory theory of light, and
was dealt with by Fresnel and Dr Thomas Young; it involved the question, How
could the earth move through an elastic solid, such as essentially is the luminiferous
ether? II. The second is the Maxwell-Boltzmann doctrine regarding the partition
of energy.

The first cloud represents the Michelson-Morley null result that gave rise in 1905 to special
relativity. The second cloud represents the “ultraviolet catastrophe” that eventually gave rise
to quantum mechanics.

In this lecture, I will briefly discuss: 3 anomalies in classical mechanics that led to the
development of quantum mechanics; 3 crucial experiments for which the formalism of quantum
mechanics was developed to accommodate; and 5 principles of the formalism of quantum
mechanics and its connection to experiment.

1 What is a physical theory?

Rationally reconstructing somewhat, we may say that a physical theory—of which quantum
mechanics is an instance—is a formalism equipped with an interpretation. (Although, in the
case of quantum mechanics, it might be better to say that we have a formalism and only a
very partial interpretation.)

• A theory’s formalism is the mathematical apparatus it uses to represent physical objects,
properties and states of affairs. In particular, the formalism will comprise:

– a space of states, which is just an abstract space, the elements of which represent
possible physical states;

– a collection of quantities, which are purely mathematical entities, but represent
(possibly!) the physical properties of the system (examples: position, momentum,
energy); and

– equations of motion, which determine: (i) which states occur, and when, given ini-
tial and boundary conditions ; by (ii) fixing certain functional relationships between
the quantities (e.g. Newton’s 3 laws + law of gravitation).

• A theory’s interpretation determines how the formalism represents the physical goings
on. Central to this is how the formalism is connected to experimentation—and, possibly,
the underlying physical goings on.
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It is not until a formalism comes with an interpretation that it is even in principle possible
to say whether the theory is true (of the physical world).

The same formalism may be given a variety of different interpretations—and we will see
that that is especially true in the case of quantum mechanics.

2 Why “quantum” mechanics?

The term quantum comes from quantity. It was initially coined to highlight the newly-
discovered “bitty” nature of microscopic systems.

1. Blackbody radiation. The profile of electromagnetic radiation (ρ vs. λ) emitted from
a “blackbody” (e.g. a cavity with a hole) at fixed temperature T has a peak intensity
at some wavelength (determined by T ), and dies off at both λ → 0 and λ → ∞.
But classical statistical mechanics (particularly the equipartition theorem) predicts the
Rayleigh-Jeans formula ρ ∝ T

λ4 (the ultraviolet catastrophe). Planck eventually (and in
a rather ad hoc manner) solved this in 1900 with his quantum hypothesis : the claim that
the different oscillating modes could exchange heat only in discrete amounts ε = hν = hc

λ
,

where ν = the frequency of the mode and h = a constant (Planck’s constant).

2. Photoelectric effect. In 1887, Hertz discovered that electric currents could be gener-
ated in certain metals by subjecting them to electromagnetic radiation. Each metal has
a threshold frequency for this effect, and the resulting kinetic energy of the liberated
electrons increases with the frequency of light, but not its intensity. But classical elec-
trodynamics predicts that: (i) there should be no threshold; and (ii) the KE ∝ intensity,
not frequency. Einstein in 1905 (in one of five revolutionary papers!) reasoned, in line
with Planck’s hypothesis, that light came in packets—quanta—whose energies were re-
lated to their frequencies according to E = hν. This was the first inkling of wave-particle
duality.

3. Atomic spectra. The electromagnetic radiation given off by pure samples of gas when
an electric current is passed through them comes in a very small selection of frequencies
(colours), suggesting transitions between a very small selection of atomic orbital states.
But classical electromagnetism predicts that: (i) a continuum of atomic orbitals are
possible; and (ii) electrons decelerate as they orbit in a circular path around an atom’s
nucleus. Bohr reasoned in 1913 (again ad hoc) in line with Planck’s hypothesis that
the permitted orbitals were constrained so that the electron’s orbital frequency ν and
energy E obeyed −E = 1

2
nhν. From this he derived the Balmer formula governing the

emission and absorption spectrum of Hydrogen.

3 The double-slit experiment

c. 1803: light (T. Young, London).
1909: low-intensity light (one photon at a time) (G. Taylor, Cambridge).
1961: electrons (C. Jönsson, Tübingen).
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1999: C60 molecules (diameter 0.7nm) (Arndt et al, Vienna).
2013: molecules of 810 atoms/10000 AMU (Eibenberger et al, Vienna).

If one sends a beam (one-by-one, if desired!) of particles through a pair of slits, then
the resulting intensity measured at the detection screen has interference fringes, indicative of
wave-like behaviour. However, the detection screen does not display a continuously varying
distribution of intensity; rather, it contains point-like detection events (indicative of particle-
like behaviour), the local density of which exhibits these interference fringes.

4 Davisson-Germer experiment

1927: The intensity profile (ρ vs. θ) of a beam of electrons being fired at a Ni crystal (which has
a fixed lattice spacing) contains peaks and troughs. This profile is predicted by assuming: (i)
Bragg’s Law (nλ = 2d sin θ); and (ii) that the electrons behave like waves, with a wavelength
determined by their momentum, according to p = h

λ
. (ii) had been hypothesized by de Broglie

in his 1924 PhD thesis.

5 Stern-Gerlach experiments

1. 1922: A beam of spin-1
2

particles (e.g. Ag atoms) sent through an inhomogeneous mag-
netic field (produced by a SG apparatus) splits into two distinct, localized beams. This
goes against the classical prediction that the beam would instead spread continuously
into a stream. (Quantization of spin.)

2. If we place an SG-z by the “spin-up” beam exiting a first SG-z, then the second SG-z
has only a “spin-up” beam exiting it. (If “spin-up” now, then “spin-up” later.)

3. If we place an SG-x after an SG-z “spin-up” exit, then there are two beams (“spin-left”
and “spin-right”) of equal intensity.

4. If we place another SG-z after either exit of the SG-x above, then again there are two
beams (“spin-up” and “spin-down”) of equal intensity. (Cf. Newton’s prism!)

We need a formalism that can accommodate all these phenomena!

6 Superposition and vector spaces

The formalism we have today is the reconciliation of Schrödinger’s wave mechanics with
Heisenberg’s matrix mechanics, due to von Neumann, Dirac, Pauli, and many others.

The main idea is that quantum systems exhibit wave-like behaviour. This means that: (i)
typically, the state of a system seems to be spread out over space; and (ii) different possible
states may be superposed to yield new possible states—this is the superposition principle.

(ii) suggests that the correct state space in the formalism should be a vector space (a.k.a. lin-
ear space); i.e. quantum states are represented by vectors. Vectors are completely characterised
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by having a magnitude and a direction. They may be added together (superposed), and mul-
tiplied by numbers that form a field (scalar multiplication). If we allow multiplication by the
complex numbers C, for example, we talk of a vector space over the field C. The state space
of quantum mechanics is such a space.

More precisely, a vector space is some set V of vectors (which, due to Dirac, I will write
as kets, e.g. |φ〉), and two binary operations {+, ·} (superposition and scalar mulitiplication,
respectively) that satisfies the following 8 axioms. For all |φ〉, |ψ〉, |χ〉 ∈ V and all a, b ∈ C:

1. Associativity: |φ〉+ (|ψ〉+ |χ〉) = (|φ〉+ |ψ〉) + |χ〉;

2. Commutativity: |φ〉+ |ψ〉 = |ψ〉+ |φ〉;

3. Zero vector: there is some element 0 ∈ V such that |φ〉+ 0 = |φ〉;

4. Inverse: for every |φ〉, there is some vector −|φ〉 such that |φ〉+ (−|φ〉) ≡ |φ〉− |φ〉 = 0;

5. Compatibility with scalar multiplication: a(b|φ〉) = (ab)|φ〉;

6. Identity: 1|φ〉 = |φ〉;

7. Distributivity 1: a(|φ〉+ |ψ〉) = a|φ〉+ a|ψ〉;

8. Distributivity 2: (a+ b)|φ〉 = a|φ〉+ b|φ〉.

Heuristic example: Suppose we want to give a rough description of a complex wave. Divide
up space into a tessellating mosaic of N cells, labelled by x = {1, 2, . . . , N}. Assign a complex
number to each cell; this defines a function ψ : {1, 2, . . . , N} → C, so that ψ(x) is the complex
number assigned to cell x. Each function ψ may be represented by a vector

|ψ〉 =


ψ(1)
ψ(2)

...
ψ(N)

 . (1)

The space of all possible such functions is a vector space over C.

Vector spaces may be assigned a dimension, according to how many basic vectors one
requires to express any given vector in terms of. (In the case above, the dimension is N .) The
dimension of the spaces used in quantum mechanics is often (denumerably) infinite.

7 Inner products and Hilbert space

Vector spaces may be assigned an inner product, which is an assignment of a complex number
to every pair of vectors |φ〉, |ψ〉 7→ 〈φ|ψ〉, subject to the following 4 rules:

1. 〈φ|(|ψ〉+ |χ〉) = 〈φ|ψ〉+ 〈φ|χ〉;
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2. 〈φ|(a|ψ〉) = a〈φ|ψ〉;

3. 〈φ|ψ〉 = 〈ψ|φ〉∗ (∗ = complex conjugation);

4. 〈φ|φ〉 > 0 and 〈φ|φ〉 = 0 only if |φ〉 = 0.

The inner product allows us to assign a length (a.k.a. norm) to each vector; ‖φ‖ :=
√
〈φ|φ〉.

If ‖φ‖ = 1, then |φ〉 is said to be normalized. If 〈φ|ψ〉 = 0 then |φ〉 and |ψ〉 are said to be
orthogonal. A collection of vectors are orthonormal iff they are each normalized and mutually
orthogonal.

It is crucial for quantum mechanical states that length and orthogonality are definable.
A state-vector ’s length is related to the normalization of probabilities (see Section 9) and
orthogonality is related to a special sort of distinctness between states (see Section 8).

The state spaces used in quantum mechanics are Hilbert spaces, usually denoted H (pro-
nounce: “curly H”). A Hilbert space is a vector space over C, equipped with an inner product,
that is complete in the norm ‖ · ‖. (Being complete in the norm means that the limit vector of
any Cauchy sequence of vectors in H is also in H, where the limit is taken in terms of distance
given by ‖ · ‖.)

8 Quantities (a.k.a. “observables”)

The abstract quantities, intended to represent physical quantities like position and momentum
(a.k.a. observables), in quantum mechanics comprise a special class of linear operators on H.
Linear operators are so called because they send vectors to vectors; i.e. they preserve “straight”
lines in H.

More precisely, linear operators A,B (sometimes written with “hats”, Â, B̂) follow the
following 5 rules:

1. A(|φ〉+ |ψ〉) = A|φ〉+ A|ψ〉;

2. A(a|φ〉) = a(A|φ〉);

3. (A+B)|φ〉 = A|φ〉+B|φ〉;

4. (aA)|φ〉 = a(A|φ〉);

5. (AB)|φ〉 = A(B|φ〉).

Any linear operator A has eigenvectors, a.k.a. eigenstates, which are vectors in H that
change, if anything, only their magnitude under A. Each eigenvector may be associated with
an eigenvalue, which is the factor by which the length of the eigenvector is enlarged by A.

The special class of linear operators that represent physical quantities are called Hermitian
operators. They are formally defined by 〈φ|Aψ〉 = 〈Aφ|ψ〉 for all |φ〉, |ψ〉 ∈ H. They are
characterized by having: (i) real eigenvalues; and (ii) orthogonal eigenvectors. Any Hermitian
operators may be defined by specifying: (i) an orthonormal basis of H; and (ii) a real number
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for each basis vector (this is the content of the spectral decomposition theorem). This will be
important for Section 9.

Two absolutely central quantities in quantum mechanics are position and momentum.
These are defined by representing the state |ψ〉 in its wave form ψ(x), in which each position
x in space is assigned a complex number. Then position Q and momentum P are defined as
follows:

(Qψ)(x) = xψ(x); (Pψ)(x) = −i~∇ψ(x) (2)

Following the previous paragraph, we can instead define these quantities in terms of their
normalized eigenvectors and eigenvalues:

• Q’s eigenstates have wave representations that are Dirac delta “functions” δ(3)(x− a),
which, for each position a, are defined as being equal to zero for all x 6= a, and yet still
normalized (i.e.

∫
d3x δ(3)(x− a) = 1). The eigenstate δ(3)(x− a) is associated with the

eigenvalue a.

• P’s eigenstates have wave representations that are plane waves ∝ eik.x. (There is an
important subtlety here that we won’t pursue, that plane waves are not normalizable.)
The eigenstate eik.x is associated with the eigenvalue ~k.

There is another special class of linear operators important to quantum mechanics, the
unitary operators. They are important because they preserve vector length (in fact that is
how they are defined, in addition to their possessing an inverse). The operator that takes a
state at one time to a state at some defined later time is a unitary operator.

Dynamical evolution of states is governed by the Schrödinger equation:

i~
∂

∂t
|ψ〉(t) = H|ψ〉(t), (3)

where H is some Hermitian operator. Note that the operators on each side of this equation
are linear, so solutions to the equation can be superposed to generate new solutions.

9 The Born rule and the projection postulate

Finally, after all this abstract mathematics, we link up with the physical world! In the
“minimal” formulation of quantum mechanics, the following rules are the only interpretative
connection to the physical world, and they concern only the performing of experiments (this
is the source of their generality and problematic nature).

Let A be any Hermitian operator. Then let {|ai〉} be an orthonormal set of its eigenstates,
where |ai〉 is associated with the eigenvalue ai; i.e. A|ai〉 = ai|ai〉. (If A is non-degenerate,
i.e. distinct eigenstates always have distinct eigenvalues, then this set is unique.) And let the
state of our quantum system be |ψ〉. Then the Born rule states:

The result of the measurement of the quantity A on the system in state |ψ〉 yields
the eigenvalue ai with probability |〈ai|ψ〉|2.

6



Since the eigenvalues ai exhaust the possible values of A, and any outcome is distinct from
any other, we expect the probabilities given by the Born rule to normalize, i.e. sum to 1:∑

i

|〈ai|ψ〉|2 = 1 (4)

But, due to a generalization of Pythagoras’ theorem,
∑

i |〈ai|ψ〉|2 = ‖ψ‖2. We therefore
demand that physical states be represented by normalized, i.e. unit vectors.

Now the Projection Postulate states:

Immediately after a measurement of the quantity A, the system’s state is the eigen-
state |ak〉 of A corresponding to the measured eigenvalue ak.

Thus the act of measurement forces the system’s state to “jump” to one of the eigenstates
determined by the quantity being measured.

10 The uncertainty principle

We are finally ready to present one of the most important phenomena of quantum mechanics:
the uncertainty principle. I will state it here in as non-committal (in terms of interpretation)
as possible.

Given a particular state |ψ〉, any quantity A may be associated with a certain statistics
for the outcomes of its measurements. That is, quantum mechanics predicts determinate
probabilities, given by the Born rule, for each of the possible outcomes—each of the eigenvalues
of A—which result from a measurement of A on the system.

The guiding idea behind the uncertainty principle is that two different quantities, A and
B say, may be associated with different eigenstates. But then it follows from the projection
postulate that we cannot perform a measurement of A and B simultaneously, for there is no
unique class of eigenstates for the state to then immediately afterwards “jump” to. We say
that A and B are incompatible, or incommensurable. Examples of incompatible pairs are:
position Q and momentum P; and spin-z and spin-x.

We could measure B very soon (as soon as we like) after measuring A, but the projection
postulate tells us that the probabilities of outcomes for the second measurement (of B) will
be determined not by the state the system was in before the first measurement (of A), but
rather by its state after the first measurement, which must be an eigenstate of A. If, before
the first measurement (of A), the system happens to be in an eigenstate of A, then this
is not a problem. But note now that different statistics for A and B will be obtained if
instead the B-measurement is performed first, and the A-measurement is performed arbitrarily
soon afterwards. In general, a measurement of A then B gives different statistics than a
measurement of B then A.

This difference may be quantified by the quantity [A,B] := AB−BA. In particular, given
any state |ψ〉, we may calculate the expectation value of [A,B], written 〈[A,B]〉, for |ψ〉. A
and B are incompatible iff [A,B] 6= 0. We may say that A and B are maximally incompatible
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iff there is no state such that 〈[A,B]〉 = 0. The pairs position and momentum, and spin-z
and spin-x, are maximally incompatible.

Suppose instead proceed as follows. We collect a vast number of systems, all in state |ψ〉.
(Note that the projection postulate entails that we now have a way of preparing states, by
measuring a particular quantity and keeping only those systems whose measurements yielded
a particular eigenvalue.) Then, for each system, we measure either A or B. Plausibly, we
can extrapolate the statistics gathered from these measurements and attribute them to the
individual state |ψ〉, prior to measurement.

The uncertainty principle predicts a certain feature of these statistics. For each quantity,
say A, we may define a quantity ∆A, colloquially known as the “uncertainty” in A, but really
it is the standard deviation ∆A =

√
〈A2〉 − 〈A〉2 ≡

√
〈(A− 〈A〉)2〉 in eigenvalue outcomes for

measurements of A. The uncertainty principle dictates that

∆A∆B > |〈[A,B]〉|. (5)

In particular, for position and momentum we have

∆Qi∆Pj > ~δij (6)

where δij = 1 for i = j and 0 otherwise. This means that we cannot achieve zero spread in
the statistics for both Q- and P - measurements (and usually we cannot achieve zero spread
in either). If we identify “sharp” statistics (i.e. zero spread) in Q as particle-like behaviour
and “sharp” statistics in P as wave-like behaviour (remember de Broglie’s hypothesis), then
the uncertainty principle implies a fundamental incompatibility between the particle- and
wave-pictures of a quantum system.

11 Summary: 5 principles

Cf. Albert (1992, 30-36).

1. States. The state space is a Hilbert space, which is a special kind of vector space, and
physical states are represented by unit vectors.

2. Quantities. Physical quantities are represented by Hermitian operators, which are a
special kind of linear operator. In particular, Q = x,P = −i~∇. These quantities are
incompatible, in that they may not be simultaneously measured.

3. Dynamics: the Schrödinger equation. The dynamical evolution of the state |ψ〉(t) over
time is given by the equation i~ ∂

∂t
|ψ〉 = H|ψ〉.

4. Measurement 1: the Born rule. The result of any measurement of the quantity A on
the system in state |ψ〉 yields the eigenvalue ai with probability |〈ai|ψ〉|2.

5. Measurement 2: the projection postulate. Immediately after a measurement of the quan-
tity A, the system’s state is the eigenstate |ak〉 of A corresponding to the measured
eigenvalue ak.
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12 To think about

• Quantum mechanics typically predicts not particular outcomes of measurements, but
rather probabilities for those outcomes. How then is quantum mechanics to be tested
against experiment?

• Is the uncertainty principle a phenomenon brought about by measurement, or is it better
considered a feature of quantum states themselves?

• Think about how the formalism outlined in Sections 6-10 could accommodate the phe-
nomena described in Sections 1-5. For Section 5 you need to know that the Hilbert
space for a spin-1

2
particle has 2 dimensions, and that the 2 eigenvectors of the quantity

spin-z lie 45◦ to both of the 2 eigenvectors of the quantity spin-x. (It may help to know
that spin-x and spin-z act like Albert’s hardness and colour quantities.)

13 Reading for discussion

Required reading:

• Albert, David Z. (1992), Quantum Mechanics and Experience (Cambridge, MA and
London: Harvard UP), pp. 1-47.

• Cushing, J. (1998), Philosophical Concepts in Physics (Cambridge: CUP 1998), Ch. 19.

• This handout!

Additional reading:

• Hughes, R. I. G. (1989), The Structure and Interpretation of Quantum Mechanics (Cam-
bridge, MA and London: Harvard UP), Chs. 1-5.

• Redhead, Michael (1987), Incompleteness, Nonlocality and Realism (Oxford: Claren-
don), §§1.1-1.5 (pp. 1-30).
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