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1 Quantum mechanics for multiple systems

You are by now familiar with the idea that in quantum mechanics the state of a system is
represented by a state-vector (often written |ψ〉), or (equivalently) a wave-function (often
written ψ(x) or 〈x|ψ〉). It’s very tempting to think of the wave-function as (representing) a
physical wave that pervades all space—after all, we have the double-slit experiment to account
for.

Things get more complicated for multiple systems. Take the simplest such case: i.e. two
systems. If system 1’s possible states are represented by the Hilbert space H1 and system 2’s
possible states are represented by the Hilbert space H2, then quantum mechanics dictates that
the possible states of the joint system, system 1 + system 2, are represented by the Hilbert
space H1 ⊗H2, the tensor product of H1 and H2.

If |φ〉1 is a possible state-vector for system 1 and |χ〉2 is a possible state-vector for system
2 (we now label the states according to the system, for clarity), then the state-vector

|φ〉1 ⊗ |χ〉2 (1)

represents a possible state-vector for the joint system; i.e. this state lies in H1 ⊗ H2. (Note
therefore the ambiguity in the symbol ‘⊗’: if flanked by Hilbert spaces, then it yields the
tensor product of those Hilbert spaces; if flanked by vectors belonging to two Hilbert spaces,
it yields a vector that lies in the tensor product of those Hilbert spaces.) Sometimes (as in
e.g. Albert 1992), the symbol ‘⊗’ is dropped when writing down joint states.

According to the standard prescription for representing single-system quantities as joint-
system quantities (and the Born rule), the joint state (1) gives the same statistics for any
system-1-quantity as |φ〉1 and the same statistics for any system-2-quantity as |χ〉2.

The joint Hilbert space H1⊗H2 is not exhausted by state-vectors of the form (1)—which
are called product states. In general, they may be of the form

dim(H1)∑
i=1

dim(H2)∑
j=1

cij|φi〉1 ⊗ |χj〉2 (2)

where
∑

i,j |cij|2 = 1 (i.e. the joint state is normalized).

Notice that, because of states of the form (3), the tensor product of two Hilbert spaces is
much richer than their Cartesian product. (Compare: in classical mechanics, the state space
of a joint system is given by the Cartesian product of its constituents’ state spaces.) States
of the form (3) that can’t also be represented in the form (1) represent entanglement between
the two systems, which we’ll talk more about in weeks 4 and 5.
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In terms of wave-functions, we may write the joint state (3) as

ψ(x1,x2) =

dim(H1)∑
i=1

dim(H2)∑
j=1

cijφi(x1)χj(x2) (3)

where x1 represents the position of system 1 and x2 represents the position of system 2. Note
that now we cannot think of ψ(x1,x2) as representing anything as simple as a wave in physical
space.

2 The (?) measurement problem and Schrödinger’s cat

It’s hard to say what the measurement problem is, given the variation in the literature as
to what precise problem is given that name. It’s perhaps better to treat “the measurement
problem” as a buzz-phrase that is associated with a host of interconnected problems.

Recall that the two central principles in QM that connect the formalism to the physical
world—namely, projection postulate and the Born rule—make ineliminable reference to “mea-
surements”. One (minimal) problem to file under “the measurement problem” is to provide a
satisfactory account of what a measurement is.

Another, more involved, problem makes the first one all the more urgent. It is that a
contradiction seems to follow if we attempt to treat a measurement apparatus, or a measuring
agent, as a quantum system. Schrödinger made this vivid (and bloodthirsty) with his example
of a cat locked in a booby-trapped box. The booby-trap consists of a sample of radioactive
material (known after a certain time to have a 50% chance of decaying) and a detector that,
if it fires, causes a vial of poison gas to break, killing the cat.

Let us treat the detector, like the radioactive sample, as a quantum system. Then, accord-
ing to quantum mechanics, the initial joint state of the sample and the detector is

|intact〉s ⊗ |ready〉d. (4)

We know that, after a certain time, the state of the sample, considered in isolation, evolves to

|intact〉s 7→ 1√
2

(|intact〉s + |decayed〉s) (5)

Note that the amplitudes give the right probabilities, given the Born rule. We also know that
the detector, if it is a good one, ought to evolve (in good time) according to the rule

|intact〉s ⊗ |ready〉d 7→ |intact〉s ⊗ |ready〉d (6)

|decayed〉s ⊗ |ready〉d 7→ |decayed〉s ⊗ |click〉d (7)

But we also know that the Schrödinger equation, which governs all this evolution, is linear.
It follows that the joint state evolves according to

|intact〉s ⊗ |ready〉d 7→ 1√
2

(|intact〉s + |decayed〉s)⊗ |ready〉d (8)
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=
1√
2

(|intact〉s ⊗ |ready〉d + |decayed〉s ⊗ |ready〉d) (9)

7→ 1√
2

(|intact〉s ⊗ |ready〉d + |decayed〉s ⊗ |click〉d) . (10)

But if we treat the detection event as a measurement, then according to the projection pos-
tulate the final state ought to be

|intact〉s ⊗ |ready〉d or |decayed〉s ⊗ |click〉d (11)

with probability 1
2

each, according to the Born rule. These consequences can’t both be right—
i.e. we can’t take the superposition of joint states to represent disjoint possibilities—because
there are joint quantities that (according to QM) give different statistics for (10) than they
do for (11).

It is therefore tempting to treat as a measurement only what we seem to be forced to treat
as a measurement if we treat nothing else as one, and that’s our own act of observation. The
cat is in the box to show that this tempting (?) response (suggested by Wigner) won’t work.
Using similar reasoning as above, we see that, if we treat the sample, the detector, the vial
and the cat all as quantum systems, then the final state of the total system, as far as you are
concerned, should be

1√
2

(|intact〉s ⊗ |ready〉d ⊗ |intact〉v ⊗ |alive〉c + |decayed〉s ⊗ |click〉d ⊗ |broken〉v ⊗ |dead〉c) ,

(12)
whereas the projection postulate and the Born rule together entail that the measurement
(performed by the cat!) causes the state to “collapse” into

|intact〉s⊗|ready〉d⊗|intact〉v⊗|alive〉c or |decayed〉s⊗|click〉d⊗|broken〉v⊗|dead〉c (13)

with probability 1
2

each. So who collapses the state: you or the cat?

3 The (?) Copenhagen interpretation

It is unclear that there is a unified interpretation to associate with both Heisenberg and Bohr.
(For example, Bohr seems to have been a realist about atoms, while it seems that Heisenberg
was a verificationist.) Let us therefore focus on Bohr’s own approach.

Bohr was inspired by Kant—particularly in the Kant’s idea that the human mind was
constrained, in understanding the physical world, by a particular conceptual framework. Bohr
identified this framework with the concepts of classical physics: namely, position, momentum,
energy, angular momentum, etc. Thus, for Bohr, to conceive of a (quantum) system as a part
of objective reality is just to describe it in terms of classical concepts.

But we know that classical concepts may be incompatible, due to Heisenberg’s uncertainty
principle. Bohr’s response was to suggest that classical concepts group together in compatible
families, and that any one family may be used to describe any given system; but that no two
families may be used together to describe the same system. Moreover the information about
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a quantum system expressible in these classical terms exhausts, according to Bohr, what may
be said about the system. This whole doctrine Bohr called complementarity. Bohr took the
fact that there are incompatible families of classical concepts as the key empirical discovery
in QM.

Crucial to Bohr’s interpretation is some division between system and measuring device, for
it is the measuring device that determines which family of classical concepts are being used
to probe the system. (Beware: this probably should not be interpreted verificationistically.)
But according to Bohr, we make this distinction, and it cannot be said to have objective
significance.

4 Dynamical collapse of the state

A different attempt to solve the problems above was suggested by Ghirardi, Rimini & Weber
in 1986; the resulting theory is called GRW or dynamical collapse theory.

Their guiding idea is that we need not define ‘measurement’, we need only account for the
apparent “collapse” of the state, as predicted by the projection postulate, in those contexts
in which we think heuristically a measurement takes place. This collapse, according to them,
ought to be construed as a genuine, physical (and so dynamical) process. In consequence,
they disagree that the Schrödinger equation has universal validity. In other words, they claim
that a different theory, close to QM but one that represents state collapse, is true.

GRW start from the assumption that all physical objects are composed of elementary
particles. They then postulate that every elementary particle has an intrinsic disposition at
any given time to suddenly and randomly alter its state. This disposition is quantitatively
described by an average collapse-per-unit-time, which is offered as a new universal constant
of nature. (GRW approximate this to about 10−8 spontaneous collapses per year.)

Upon collapse, the state of any system becomes strongly “localized”; i.e. its wave-function
becomes highly concentrated around some location. (There is a well-defined prescription
for this.) The probability that, given a spontaneous collapse, the resulting wave-function is
concentrated around any given location is given by the Born rule. (It is therefore clear how
evidential support for QM is intended to become evidential support for GRW.)

This theory has the advantage that no sharp dividing line between systems and measuring
devices, or between microscopic and macroscopic objects, is necessary. The “middle-sized dry
goods” of everyday acquaintance are composed of many (∼ 1023) particles, so for these GRW
predicts very many collapses every second, and therefore very stable configurations. For very
small systems, collapse hardly happens, and it is only when the behaviour of these systems
is amplified (e.g. by a measuring device) that enough particles are involved to practically
guarantee collapse.

5 Reading for discussion

Required reading:
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• Albert, David Z. (1992), Quantum Mechanics and Experience (Cambridge, MA and
London: Harvard UP), Chs. 4 & 5.

• Cushing, J. (1998), Philosophical Concepts in Physics (Cambridge: CUP 1998), Chs. 20-
21.

Additional reading:

• Bell, J. S. (1987), Are There Quantum Jumps?, in Speakable and Unspeakable in Quan-
tum Mechanics (Cambridge: CUP), Ch. 22.

• Bohr, Niels, ’Discussion with Einstein on Epistemological Problems in Atomic Physics’,
in P. Schilpp (ed.), Albert Einstein: Philosopher-Scientist (Evanston, IL: Library of
Living Philosophers, 1949), pp. 199-241. Also available online at:
http://minerva.tau.ac.il/bsc/3/3144/bohr.pdf

• Hughes, R. I. G. (1989), The Structure and Interpretation of Quantum Mechanics (Cam-
bridge, MA and London: Harvard UP), pp. 259-295.

• Redhead, Michael (1987), Incompleteness, Nonlocality and Realism (Oxford: Claren-
don), Ch. 2.
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