
Nonlocality 1: the EPR argument
PH431 Lecture 4, Monday 3 February 2014, Adam Caulton (a.caulton@lse.ac.uk)

1 Entanglement

1.1 An important joint state

Recall from lecture 2 that the joint state of two systems may not be of the separable form

|φ〉1 ⊗ |ψ〉2 (1)

which would allow us to attribute definite states to the stow subsystems. Rather, the joint
state may be a superposition of such states; these states are called entangled.

Note that entangled states do not ascribe definite state-vectors to the individual subsys-
tems. But we do have some information: we can use the amplitudes of the different separable
joint states to quantify “how much” of a given vector-state is attributed to a given subsystem.
A full specification of these is called a mixed state; a pure state is one aptly represented by a
vector.

One entangled state of special interest (because of its features) is what I’ll call the EPRB
state (= Einstein, Podolsky, Rosen and Bohm):

|EPRB〉 =
1√
2

(|L, ↑〉1 ⊗ |R, ↓〉2 − |L, ↓〉1 ⊗ |R, ↑〉2) (2)

This state describes two particles which have both mechanical (= position & momentum)
and spin degrees of freedom (they are “spin-1

2
” particles, so their spin-Hilbert space is two-

dimensional). The single-particle state |L, ↑〉 represents a particle having a wave-function that
is non-zero only in the left-hand side of the laboratory, and having spin directed vertically
upwards. In other words: |L, ↑〉 is an eigenstate of both: (i) being in the LHS of the lab; and
(ii) being “spin-up”. (NB: any mechanical quantity is compatible with any spin quantity, so
a state may be a common eigenstate of both.)

One reason why this state is so interesting is that it is completely spherically symmetrical
in its spin. That is, it may also be written

|EPRB〉 =
1√
2

(|L,←〉1 ⊗ |R,→〉2 − |L,→〉1 ⊗ |R,←〉2) (3)

or indeed

|EPRB〉 =
1√
2

(|L, û〉1 ⊗ |R,−û〉2 − |L,−û〉1 ⊗ |R, û〉2) (4)

for any unit 3-vector û. (NB: ẑ ≡ ↑; −ẑ ≡ ↓; x̂ ≡ →; −x̂ ≡ ←.) This feature is important
for what is to come.
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1.2 What standard QM predicts

What probabilities for measurement outcomes does standard quantum mechanics predict for
the state |EPRB〉?

Choose some unit 3-vector û along which to measure particle 1’s spin and some other unit
3-vector v̂ along which to measure particle 2’s spin. Then:

p(+1|û1) = p(+2|v̂2) =
1

2
(5)

p(+1 +2 |û1, v̂2) =
1

4
(1− û.v̂) ≡ 1

2
sin2 1

2
θ (6)

where “+1” means that particle 1 comes out of the SG apparatus in the direction of û, “+2”
means that particle 2 comes out of the SG apparatus in the direction of v̂, and θ is the angle
subtended by û and v̂. So e.g. p(↑1) = p(↑2) = 1

2
. (5) and (6), together with the QM

prediction that p(+1|û1) = p(+1|û1, v̂2) and p(+2|v̂2) = p(+2|û1, v̂2) (we will come back to
this prediction next week!), entail that

p(+2|+1, û1, v̂2) = p(+1|+2, û1, v̂2) =
1

2
(1− û.v̂) ≡ sin2 1

2
θ (7)

E.g. p(↑2 | ↓1) = p(↑1 | ↓2) = 1. So particles 1 and 2’s spins are maximally anti-correlated.

But particles 1 and 2 may be as far apart as we like (we can make the states L and R as
far away from each other as we please). Worse: we can arrange to make the measurements
on each particle space-like separated from each other, so not even light can travel between our
two SG apparatuses when the measurements are made. Even worse: we can put each particle
in a lead box with walls as thick as we like. Still the same correlations are observed. How do
our two particles “know” how to co-ordinate their behaviour so as to keep (7) true?

1.3 Classical correlations

You may think that correlations like those indicated by (7) are no big deal. Here’s a classical
example of maximal anti-correlation:

I have a £5 note and two envelopes. I tear the £5 note in half: one half bears a
picture of Queen Elizabeth I; the other half bears a picture of Elizabeth Fry. Then
I put each half-note in an envelope and shuffle them. Envelope 1 stays with me;
envelope 2 is taken with you, as far away form me as you like. We arrange to open
our envelopes so that the two opening events are space-like separated.

Before the envelopes are opened, surely

p(QE 1) = p(Fry1) = p(QE 2) = p(Fry2) =
1

2
(8)

but also

p(QE 1,Fry2) = p(QE 2,Fry1) =
1

2
(9)
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so
p(QE 2|Fry1) = p(QE 1|Fry2) = 1 (10)

i.e. the envelopes are maximally anti-correlated. But the two envelopes can be as far apart as
you like, as shielded as you like, and they are opened at space-like separated events. How do
the envelopes “know” how to co-ordinate their behaviour so as to keep the anti-correlation?

Here there is no mystery about the non-local correlation: it comes about locally, before
the envelopes are separated. There is a fact of the matter—an element of reality—regarding
which half-note is in which envelope before they are opened.

2 The EPR argument

Couldn’t our two particles in the |EPRB〉 state be like the envelopes? Einstein, Podolsky
and Rosen (1935) thought so, and they gave an argument to establish this conclusion. But
first a few clarifications about jargon.

2.1 “Element of reality”

If our two particles are like the envelopes, then there must be a fact of the matter which state
each individual particle is in before any measurement takes place. EPR call this an element
of reality. They argue that we can frame a sufficient condition for a fact’s being an element
of reality in the language of QM:

EPR criterion of reality. If standard QM predicts that a measurement will have a partic-
ular outcome with probability 1, then that outcome is an element of reality, independently of
(i.e. prior to) its being measured.

2.2 Completeness

If our two particles are like the envelopes, then there are facts about the world—elements
of reality—that the standard QM formalism does not represent, because it does not tell us,
for the |EPRB〉 state, what the spins of the individual particles are prior to measurement—
in fact, it gives probability 1

2
for any direction you care to specify. In that sense, quantum

mechanics offers an incomplete description of physical reality. If we can (like EPR claim)
soundly argue that the two particles are like the envelopes, then we will have shown that QM
is incomplete.

2.3 Locality

EPR’s argument for incompleteness relies on assuming locality. This assumption is not made
much of it the EPR paper, since faith in it at the time was so strong—and justifiably so! We
will have more to say about locality next week, but for now a good enough understanding of
it is as follows:
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EPR locality. Space-like separated systems (including measurement apparatuses) cannot
influence one another.

2.4 The argument

We will use Bohm’s reconstruction of EPR’s argument, using the |EPRB〉 state. It is a
reductio ad absurdum:

Comp, EPR CoR, EPR locality ` (11)

1. Assume that QM is complete (Comp).

2. Suppose we make a spin-z measurement on particle 1, with outcome spin-down. QM
predicts that p(↑2 | ↓1) = 1. But the particles may be space-like separated, so from 1
and EPR locality we may infer that p(↑2) = 1.

3. From 2 and the EPR CoR, we may infer that particle 2’s being spin-up is an element
of reality (like which half-note is in which envelope).

4. But we could instead have made a spin-x measurement on particle 1. Suppose we had,
and (without loss of generality) obtained spin-right. QM predicts that p(←2 | →1) = 1.
But the particles may be space-like separated, so from 1 and EPR locality we may
infer that p(←2) = 1.

5. From 4 and the EPR CoR, we may infer that particle 2’s being spin-left is an element
of reality. (Now run 3-4 with opposite outcomes.)

6. Spin-x and spin-z are incompatible quantities; so, given 1, no particle can be in an
eigenstate of both simultaneously.

7. From 3 & 5, particle 2 is in an eigenstate of spin-x and spin-z simultaneously.

8. From 6 and 7: Contradiction!

If we retain EPR CoR and EPR locality, then we must given up Comp, i.e. that QM is
complete.

3 Things to think about

• What would Bohr have made of the EPR criterion of reality?

• Remember that the claim that QM is complete is strictly stronger than the claim that
QM is empirically adequate!

• Do we need to consider incompatible quantities to establish incompleteness?
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4 Reading for discussion

Required reading:

• Albert, David Z. (1992), Quantum Mechanics and Experience (Cambridge, MA and
London: Harvard UP), Ch. 3.

• Redhead, M. (1987), Incompleteness, Nonlocality and Realism (Oxford: Clarendon), Ch.
3.

Additional reading:

• Bub, Jeffrey (1997): Interpreting the Quantum World (Cambridge: CUP), Ch. 2.1.

• Cushing, J. (1998): Philosophical Concepts in Physics (Cambridge: CUP 1998), Chs.
22.1-22.2.

• Einstein, A., Podolsky, B. and Rosen, N. (1935): ‘Can Quantum-Mechanical Description
of Reality Be Considered Complete?’, repr. in: John A. Wheeler and Wojciech H. Zurek
(eds.): Quantum Theory and Measurement (Princeton: Princeton UP, 1983), pp. 138-
141.

• Omnès, Roland (1994): The Interpretation of Quantum Mechanics (Princeton: Prince-
ton UP), Ch. 9.
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