
Nonlocality 2: Bell’s “no go” theorem
PH431 Lecture 5, Monday 10 February 2014, Adam Caulton (a.caulton@lse.ac.uk)

1 A local hidden variable model of the EPR experiment?

Last week we saw that Einstein, Podolsky and Rosen derived a contradiction from Comp,
EPR CoR and EPR Locality. Let’s consider an example of an ad hoc model that aims to
preserve EPR Locality and EPR CoR (as EPR wished), but which denies Comp. It was
suggested by Bell (1987, Ch. 16).

In this ad hoc model, each particle pair described by the joint state

|EPRB〉 =
1√
2

(|L, û〉1 ⊗ |R,−û〉2 − |L,−û〉1 ⊗ |R, û〉2) (1)

is really such that each particle of the pair has a definite spin-direction (so Comp is false),
and the directions are always exactly anti-correlated. We assume that an ensemble of such
particle pairs contains roughly equal numbers in each spin-direction. Using ŵ to represent,
for each particle pair, particle 1’s real spin-direction, we therefore expect that the probability
density µ over ŵ to be constant; specifically

µ(ŵ) =
1

4π
, for all ŵ, which ensures

∫
dŵ µ(ŵ) = 1 . (2)

But we also assume the following behaviour of particle 1 (in each pair) under a spin-measurement
in the direction û: if û.ŵ > 0 (i.e. if particle 1’s spin-direction is closer to pointing along the
“up” channel than the “down” channel), then particle 1 comes out the spin “up” channel; and
if û.ŵ < 0 (more “down” than “up”), then it comes out the spin “down” channel. This leaves
open what the outcome will be if the particle’s spin is exactly between “up” and “down”—let’s
say in these cases it has a 50% chance of coming out either channel. So:

p(+1|û1, ŵ1) =


1 if û.ŵ > 0;
1
2

if û.ŵ = 0;
0 if û.ŵ < 0.

(3)

We assume similar behaviour for particle 2 (in each pair); and because particles 1 and 2’s
spins are always anti-correlated, we may treat ŵ1 as the only hidden variable (particle 2’s
true spin-direction is −ŵ). We have:

p(+2|v̂2, ŵ1) =


0 if v̂.ŵ > 0;
1
2

if v̂.ŵ = 0;
1 if v̂.ŵ < 0.

(4)

This is a stochastic hidden variable theory. We can make it into a deterministic hidden variable
theory by suitably changing the 1

2
probabilities for û.ŵ = 0 and v̂.ŵ = 0 to either 0 or 1.

According to our model, each particle’s spin-direction before measurement is not in any
way correlated with our choice of what spin to measure for either particle (why would it be?):

µ(ŵ1|û1, v̂2) = µ(ŵ1|û1) = µ(ŵ1|v̂2) = µ(ŵ1). (5)
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(2), (3), (4) and (5) are already sufficient to establish that

p(+1|û1) ≡
∫

dŵ1 p(+1|û1, ŵ1)µ(ŵ1|û1) =
1

2
(6)

for any direction û, and similarly p(+2|v̂2) = 1
2
, for any direction v̂, in agreement with the

quantum mechanical predictions for this state.

The aim of this ad hoc model is to preserve EPR Locality. Accordingly, given any
possible particle pair (which has a definite value ŵ1 for particle 1’s spin), we expect to have
statistical independence for both:

1. the outcomes for particles 1 and 2; i.e.

p(+1|+2, û1, v̂2, ŵ1) = p(+1|û1, v̂2, ŵ1); p(+2|+1, û1, v̂2, ŵ1) = p(+2|û1, v̂2, ŵ1); (7)

and

2. the outcome for particle 1 with respect to the measurement parameter we choose to
measure for particle 2, and vice versa; i.e.

p(+1|û1, v̂2, ŵ1) = p(+1|û1, ŵ1); p(+2|û1, v̂2, ŵ1) = p(+2|v̂2, ŵ1). (8)

(7) and (8) are sufficient to establish the factorisation of probabilities for joint outcomes, given
a definite value for the hidden variable ŵ1:

p(+1 +2 |û1, v̂2, ŵ1) = p(+1|û1, ŵ1)p(+2|v̂2, ŵ1) (9)

We may take (9) as an explication of EPR Locality. Note that in our ad hoc model, these
joint probabilities are almost always 0 or 1; it may be checked that (9) holds in all cases.

Using the above, we may now generate predictions in the absence of any knowledge of the
value ŵ1. From (5) and (9) we may infer (check this yourself!):

p(+1 +2 |û1, v̂2) =

∫
dŵ1 p(+1|û1, ŵ1)p(+2|v̂2, ŵ1)µ(ŵ1) (10)

However, if we now plug in the prescriptions (3) and (4), we obtain the result

p(+1 +2 |û1, v̂2) =
θ

2π
(11)

where û.v̂ = cos θ and 0 6 θ 6 π. But quantum mechanics predicts (correctly!) that

p(+1 +2 |û1, v̂2) =
1

2
sin2 1

2
θ (12)

So our ad hoc model is empirically inadequate.
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2 Bell’s Theorem: the key idea

Our ad hoc model above failed; but we might hope that some other model, one that also
preserves EPR Locality (and maybe EPR CoR), can in principle be found. This hope is
greatly diminished—some would say dashed altogether—by Bell’s Theorem. This theorem
may be stated as follows: the following three assumptions are in contradiction:

• QM Emp: Quantum mechanics is empirically adequate; i.e. the probabilities it predicts
are correct (= reflected in the observed long-run frequencies?).

• Locality: Conditional on the values of all physically real quantities prior to measure-
ment, the probabilities for outcomes of space-like separated measurements factorise; for
more details, see Section 3.2.

• No Conspiracy: The choices of measurement settings are statistically independent of
the values of all physically real quantities prior to measurement.

In logical notation:
QM Emp,Locality,No Conspiracy � (13)

The theorem is often described as a No Go Theorem, i.e. a theorem that rules out a certain
class of theories which one would otherwise hope could account for the predictions of quantum
mechanics. It is often said (but we will be more cautious!) that Bell’s theorem rules out local
hidden variable theories compatible with quantum mechanics.

Bell’s theorem causes trouble for EPR sympathisers, since the EPR paper hoped to give
a reason to deny Comp on the grounds of Locality (and EPR CoR); but Bell’s theorem
shows that we need not even assume Comp to get a contradiction with Locality: it is enough
just to assume No Conspiracy and QM Emp. But QM Emp is an empirically testable
assumption (and one that, it seems, is true); and No Conspiracy, although not obviously
testable on its own, seems a sensible assumption. In that case, it is Locality that is in trouble!

3 Proving Bell’s Theorem

The most general kind of hidden variable theory is a stochastic hidden variable theory: i.e. one
in which the hidden variable(s) only raise or lower the probabilities of measurement outcomes.
A deterministic hidden variable theory is the special case in which all probabilities, given the
value(s) of the hidden variable(s), are 0 or 1.

3.1 The setup

• a, a′ — Beables associated with the system 1, on the LHS of the lab. (E.g., determined by
the orientation of the Stern-Gerlach apparatus on the LHS of the lab: a = û1, a

′ = û′1.)

• b, b′ — Beables associated with the system 2, on the RHS of the lab. (E.g., determined
by the Stern-Gerlach apparatus on the RHS of the lab: b = v̂2, b

′ = v̂′2.)

• A — Variable ranging over possible values of a, a′. (E.g., for spin A can take the value
+ (spin parallel to û) or − (spin anti-parallel to û).)
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• B — Variable ranging over possible values of b, b′. (E.g., B = + or −).

• λ — Variable denoting the hidden variable(s) governing the systems. (E.g., λ = ŵ1, the
spin of particle 1.)

• p(A|a), etc. — The probability of outcome A given that beable a is measured on the
LHS of the lab (e.g. p(+1|û1)).

• p(A,B|a, b), etc. — The (joint) probability of outcomes A and B, given that beables a
and b are measured on the LHS and RHS of the lab, respectively (e.g. p(+1 +2 |û1, v̂2)).

• p(A|a, λ), etc. — The probability of outcome A given that beable a is measured (on the
LHS of the lab) and the hidden variable has value λ (e.g. p(+1|û1, ŵ1)).

3.2 The Principle of the Common Cause and Locality

The idea behind any local hidden variable theory is that, if there are any manifest correlations
between distant measurement outcomes, these should only be the product of: (i) purely local
processes involving the hidden variable(s) and other beables; and (ii) our ignorance as to the
value(s) of the hidden variable(s)—think for example of the £5 note case from last week. In
other words, the hidden variable(s) should be a local common cause of the distant outcomes.

The notion of common cause was explicated by Reichenbach in 1956 (in The Direction
of Time (Berkeley: University of Los Angeles Press)). According to his Principle of the
Common Cause, any correlation between two events A and B ought to accounted for by some
common cause. That is, any correlation must be screened off by some third event C, the
common cause of A and B (“screened off by C” just means that the probabilities factorise
upon conditionalising on C).

So if p(A,B) 6= p(A)p(B), then there should exist some event C such that

p(A,B|C) = p(A|C)p(B|C) (14)

(One may well want to put more conditions than just (14) on a common cause. For example:
(i) C should be probability-raising for A and B; (ii) ¬C should also screen off A and B; (iii)
C should be in the past of A and B, etc. I will not pursue these strengthenings.)

According to the law of total probability, we may expand each joint probability in terms
of its conditionalisations on the various possible values of λ:

p(A,B|a, b) =
∑
λ

p(A,B|a, b, λ)p(λ|a, b) (15)

(I use a sum ‘
∑

λ’ here, but if λ is a continuous variable, then it ought to be an integral
‘
∫

dλ’.)

The local hidden variables proposal is that the observed joint probabilities p(A,B|a, b) be
the result of repeated trials in which the hidden variable λ may take a different value, but in
each trial, given a and b, λ acts as a (local) common cause for A and B; i.e.

p(A,B|a, b, λ) = p(A|a, λ)p(B|b, λ) (16)
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(cf. equation (9)!) (16) characterizes the assumption Locality. Combining (15) and (16), we
may infer

p(A,B|a, b) =
∑
λ

p(A|a, λ)p(B|b, λ)p(λ|a, b) (17)

3.3 Outcome Independence and Parameter Independence

Locality can be analysed as a conjunction of two other assumptions:

Locality

�

� (Outcome Independence & Parameter Independence) (18)

Outcome Independence (a.k.a. outcome-outcome independence or (caution!) complete-
ness):

p(A|B, a, b, λ) = p(A|a, b, λ); p(B|A, a, b, λ) = p(B|a, b, λ) (19)

(cf. equation (7)!). This assumption can be glossed as holding that two measurement outcomes—
which could be spacelike-separated—cannot affect one another. If this assumption were false,
then, barring some unexplained cosmic conspiracy, some superluminal influence would have
to operate between measurement events; something that causes trouble for either: (i) the
relativity of simultaneity, or (ii) prohibitions on backwards causation.

It must be noted that the superluminal influence required is not something that could be
exploited to send faster-than-light signals, for the influence holds only between measurement
outcomes, which, being probabilistic, are not under experimental control.

Parameter Independence (a.k.a. act-outcome independence or (caution!) locality):

p(A|a, b, λ) = p(A|a, λ); p(B|a, b, λ) = p(B|b, λ) (20)

(cf. equation (8)!). This assumption is to be glossed as the requirement that measurement
outcomes not be affected by the choice of measurement parameters at a spacelike-separated
location. If this assumption were false, then the probability of measurement outcomes could be
increased or decreased at will by a distant, even spacelike separated, experimenter. In principle
at least, this could be exploited to transmit signals faster than light (it is for this reason that
the assumption is sometimes called locality, even though both outcome independence and
paramater independence seem to entail the existence of superluminal influences).

Check for yourself that (19) and (20) entail (16).

3.4 The No Conspiracy assumption

We need only one more assumption: No Conspiracy. This assumption may be written

p(λ|a, b) = p(λ) (21)

(cf. equation (5)!). The assumption is sometimes also called No retrocausality or (as Bell
called it) the Free will assumption.

The interpretative gloss of this assumption is that the value of λ is not affected by our
choice of measurement parameters a and b (i.e. what we decide to measure on the LHS and
RHS of the lab). The claim is that, since any local hidden variable theory has λ taking the
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value it does as an event lying the causal past of either measurement, it would have to take a
strange kind of conspiracy, or an instance of backwards causation, or an impingement on free
will, for the future choice of measurement parameters a, b to be statistically dependent on the
value of λ.

Locality (i.e. (17)) and No Conspiracy (i.e. (21)) together entail (cf. equation (10)!):

p(A,B|a, b) =
∑
λ

p(A|a, λ)p(B|b, λ)p(λ) (22)

3.5 Correlation functions

We know that the sort of correlations exhibited in EPR-like cases are expressed by the fact
that joint probabilities for outcomes don’t factorize:

p(A,B|a, b) 6= p(A|a)p(B|b) (23)

A neat way to measure the existence of correlations between a pair of two-state beables
(i.e. beables that can take one of two values, e.g. + or −) is with correlation functions. The
correlation function between a and b is given by

E(a, b) := p(+1 +2 |a, b) + p(−1 −2 |a, b)− p(+1 −2 |a, b)− p(−1 +2 |a, b) (24)

It may be checked that −1 6 E(a, b) 6 1. E(a, b) = 1 corresponds to maximum correlation
(always either +1+2 or −1−2), E(a, b) = −1 to maximum anti -correlation (always either
+1−2 or −1+2), and E(a, b) = 0 to no correlation. We already know that the state |EPRB〉
yields E(û1, v̂2) = −û.v̂ = − cos θ; in particular E(û1, û2) = −1, so the spins along any single
direction û are maximally anti-correlated.

3.6 The CHSH inequality

We will use the assumptions of Locality and No Conspiracy to derive an inequality called
the Clauser-Horne-Shimony-Holt, or CHSH, inequality (it is one example of a Bell inequality,
which is the general term applied to inequalities of this type).

Recall that

E(a, b) := p(+1 +2 |a, b) + p(−1,−2|a, b)− p(+1,−2|a, b)− p(−1,+2|a, b). (25)

We now use (22) to replace each joint probability with a sum over products of marginal
probabilites:

E(a, b) =
∑
λ

[
p(+1|a, λ)p(+2|b, λ) + p(−1|a, λ)p(−2|b, λ)

− p(+1|a, λ)p(−2|b, λ)− p(−1|a, λ)p(+2|b, λ)
]
p(λ) (26)

which may be simplified to

E(a, b) =
∑
λ

(p(+1|a, λ)− p(−1|a, λ))(p(+2|b, λ)− p(−2|b, λ))p(λ) (27)
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Now define

α(a, λ) := p(+1|a, λ)− p(−1|a, λ) (28)

β(b, λ) := p(+2|b, λ)− p(−2|b, λ) (29)

(30)

so that
E(a, b) =

∑
λ

α(a, λ)β(b, λ)p(λ). (31)

Since p(+1|a, λ) = 1 − p(+1|a, λ) (a is a two-state beable), α(a, λ) = 2p(+1|a, λ) − 1. Thus
−1 6 α(a, λ) 6 1. Similarly, −1 6 β(a, λ) 6 1.

Now we compare correlation functions for different choices of measurement setting for both
the LH and RH sides. For the LHS we have the choice of the two beables a and a′, and for
the RHS we have the choice of the two beables b and b′. This means there are four correlation
functions to consider: E(a, b), E(a, b′), E(a′, b) and E(a′, b′). The appropriate analogues of
(31) hold for each. From this it follows that

E(a, b)± E(a, b′) =
∑
λ

p(λ)α(a, λ)[β(b, λ)± β(b′, λ)]. (32)

So
|E(a, b)± E(a, b′)| 6

∑
λ

p(λ) |β(b, λ)± β(b′, λ)| , (33)

using the fact that −1 6 α(a, λ) 6 1. Similarly,

|E(a′, b)∓ E(a′, b′)| 6
∑
λ

p(λ) |β(b, λ)∓ β(b′, λ)| , (34)

using the fact that −1 6 α(a′, λ) 6 1.

Because −1 6 β(b, λ), β(b′, λ) 6 1, we know that

|β(b, λ)± β(b′, λ)|+ |β(b, λ)∓ β(b′, λ)| 6 2. (35)

So, adding (33) and (34), and using the facts that
∑

λ p(λ) = 1 and p(λ) > 0, we finally obtain

|E(a, b)± E(a, b′)|+ |E(a′, b)∓ E(a′, b′)| 6 2. (36)

To see that (36) contradicts QM Emp—i.e. is violated by quantum mechanics—take for
example the state |EPRB〉, for which E(û1, v̂2) = −û.v̂ = − cos θ, and choose û1, û

′
1, v̂2, v̂

′
2

such that θ(û1, v̂2) = 0, θ(û1, v̂
′
2) = π

3
(60◦), θ(û′1, v̂2) = π

3
(60◦), and θ(û′1, v̂

′
2) = 2π

3
(120◦).

Then

|E(û1, v̂2)± E(û1, v̂
′
2)|+ |E(û′1, v̂2)∓ E(û′1, v̂

′
2)| = 1 +

1

2
+

1

2
−
(
−1

2

)
=

5

2
> 2, (37)

in contradiction with (36). QED.

7



4 Things to think about

• Bell’s theorem is completely general: in particular the “hidden variable” λ may be just
taken to be |ψ〉, the joint state-vector. In this case, which of the three assumptions
Outcome Independence, Parameter Independence, No Conspiracy are false?

• Any theory that aims to reproduce the predictions of quantum mechanics is subject to
Bell’s Theorem. So which of the three assumptions is false for: (i) GRW theory? (ii) de
Broglie-Bohm theory? (iii) Everett theory?

5 Reading for discussion

Required reading:

• Bell, J.S., ‘Einstein-Podolsky-Rosen Experiments’, in Speakable and Unspeakable in
Quantum Mechanics (Cambridge: CUP, 1987), Ch. 10.

• Bell, J.S., ‘Bertlmann’s Socks and the Nature of Reality’, in Speakable and Unspeakable
in Quantum Mechanics (Cambridge: CUP, 1987), Ch. 16.

• Mermin, N.D. (1985), ‘Is the Moon There When Nobody Looks?’, Physics Today 38,
pp. 38-47. Available online at: http://theorie.physik.uni-konstanz.de/juan/pub/
IsTheMoonThere PhyToday38no4p38.pdf

Additional reading:

• Bub, Jeffrey (1997), Interpreting the Quantum World (Cambridge: CUP), Ch. 2.

• Cushing, J. (1998), Philosophical Concepts in Physics (Cambridge: CUP 1998), Chs.
22.3-22.4.

• Omnès, Roland (1994), The Interpretation of Quantum Mechanics (Princeton: Prince-
ton UP), Ch. 9.

• Redhead, M. (1987), Incompleteness, Nonlocality and Realism (Oxford: Clarendon),
pp. 48-8 and Ch. 4.
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