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1 Electrodynamics and Galilean symmetries

The special theory of relativity emerged in 1905 from the apparent conflict between two (by
then) well established physical theories:

1. Newtonian mechanics. As we have seen, the equations of motion of this theory possess
a symmetry : the form of the equations are invariant under a Galilean transformation;
i.e., a translation (in space or time), rotation or boost. That is, the equations of motion
hold no matter which inertial frame we choose to describe our systems in.

2. Electromagnetism. The equations of motion of this theory (Maxwell’s equations) contain
a fundamental quantity: c, the speed at which electromagnetic radiation (including
visible light) travels in the vacuum. It was initially believed that EM radiation was
vibrations in the luminiferous ether. So it was assumed that c was the speed of radiation
relative to the (inertial?) frame in which the ether was (on the whole) at rest.

N.B. belief in the ether is not the same as substantivalism about space! The ether was thought
to be a highly taut and light mechanical medium; i.e., composed of (a special kind of) matter.

The apparent need for an ether frame inspired a series of experiment by Michelson and
Morley (Michelson 1881, Michelson & Morley 1889), which aimed to detect the “ether wind”,
i.e. the velocity at which the Earth travels with respect to the ether. No velocity was detected.

2 Einstein’s 1905 paper

2.1 Principle vs. constructive theories

Many attempts to make sense of the Michelson-Morley null result had already been made by
the time Einstein wrote his paper—notably by Poincaré, Lorentz, FitzGerald and Larmour.
These had all been constructive theories : that is, they attempted to explain the result by
providing accounts of the constitution of matter.

Einstein in 1905 took an alternative, principle theory approach. On this approach, no
attempt is made to construct a detailed story about how matter fits together. Instead, one
treats general principles, taken to be well confirmed, as axioms, and from them one infers the
general rules by which matter must behave.

Einstein’s inspiration here was thermodynamics, the theory of gases, heat engines, etc.
There too, general principles may be laid down that hold irrespectively of the complex details
of the constitution of the systems described. Einstein saw this as an advantage early on, since
accounts of the microscopic structure of matter were at that time speculative.
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2.2 Einstein’s axioms

1. Relativity Principle (RP). The physical laws by which the states of physical systems
undergo change are not affected, whether these changes of state be referred to the one
or the other of two systems of coordinates in uniform translatory motion. Or: The laws
of physics are the same in all inertial frames of reference.

2. Light Postulate (LP). As measured in any inertial frame of reference, light is always
propagated in empty space with a definite velocity c that is independent of the state of
motion of the emitting body.

Heuristically: (RP) is intended to capture the dynamical symmetries of Newtonian mechanics;
(LP) is intended to capture the key feature of the ether (i.e. independence of the speed of
light from the speed of the source). Both are very well confirmed empirical facts.

2.3 Simultaneity: conventional or relative?

Central to Einstein’s 1905 derivation of special relativity was his claim that simultaneity is
conventional : that is, up to a certain limited gamut of options, it is a matter of mere convention
whether we say that two distant events are simultaneous with each other.

In more detail, (LP) implies that, for each space-time event e we may define its:

• Forward light cone of e — The region of all events f in such that a light ray may travel
from e to f .

• Backward light cone of e — The region of all events f in such that a light ray may travel
from f to e.

• Absolute future of e — The region of all events circumscribed by the forward light cone.

• Absolute past of e — The region of all events circumscribed by the backward light cone.

• The elsewhere of e — The region of all events not in any of the above 4 regions.

Events in the absolute future or past of e are time-like related to e. Events in the elsewhere
of e are space-like related to e. Events in the forward or backward light cone of e are light-like
related to e.

According to the conventionality thesis, there is no fact of the matter whether any given
event in the elsewhere of e is simultaneous with e.

But Einstein also recommended a unique simultaneity convention. According to this con-
vention, the one-way speed of light is the same in all directions. (We can interpret c in (LP)
as the two-way speed of light to save it from containing potentially conventional content.) It
is this notion of simultaneity that, following (RP) and (LP), is relative.

There is still substantial disagreement as to whether simultaneity is conventional, as Ein-
stein originally claimed, or whether Einstein’s proposed “convention” picks out true simul-
taneity, which (as we shall see) is relative. (See Brown 2005, §6.3.)
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3 Consequences of SR (also see Appendix B)

The Lorentz transformations, the central equations of SR, are derived from (RP) and (LP) in
Appendix A. Various consequences are derived in Appendix B, one of which is the relativity
of simultaneity: Any two distant events which are simultaneous in one inertial frame are not
simultaneous in any other inertial frame.

4 Putnam’s (1967) argument against presentism

The relativity of simultaneity has been used as an argument against presentism—the doctrine
that only what is occurring now is real—and can be extended to no-futurism—the doctrine
that only what is now and past is real.

He we reconstruct Putnam’s (1967) argument (see also Rietdijk’s, 1966) as a reductio:

1. Special relativity (i.e. the conjunction of (RP) and (LP)) provides the correct determi-
nations of relations of simultaneity in any frame of reference.

2. Me-now (the current temporal cross-section of myself) is real for itself, and is part of a
subluminal worldline (which includes a future cross-section, me-then, defined below).

3. One other observer, you-now, is real for me-now and is in motion relative to me-now.

4. A relation R exists such that:

(a) Rxy iff y is real for x;

(b) Rxy iff x and y are simultaneous in x’s frame of reference;

(c) R is a transitive relation.

(N.B. (4a) ⇒ (4c) if ‘y is real for x’ is analysed as ‘x is real and y is real’.)

We now derive a contradiction. From (2) and (3), me-now and you-now are both real for
me-now. From (4a), me-now stands in the relation R to you-now, and from (4b) you-now
and me-now are simultaneous in the frame of reference of me-now. From (1) and (3), you-
now are simultaneous with some future temporal cross-section of me, me-then, in the frame
of you-now. So from (4b), you-now stand in the relation R to me-then. From (4c) and the
preceding, it follows that me-now stands in the relation R to me-then. But from (2), me-now
and me-then are not simultaneous in the frame of me-now; so from (4b), me-now does not
stand in the relation R to me-then. Contradiction.

(2), (3) and (4a) are unobjectionable; some suggest rejecting (4c). The empirical evidence
apparently speaks for (1); so we reject (4b). It follows from above that me-then is real for
me-now, despite the fact that me-then lies in the absolute future of me-now. So presentism
and no-futurism are false. If we strengthen (3) from material observers to inertial frames,
and strengthen (4c) so that R is an equivalence relation, we can establish that every point of
spacetime is real for me-now. Indeed we can prove that any point of spacetime is real for any
other. This motivates replacing ‘real for’ with just ‘real’. So every point of spacetime is real.

One recourse available to the presentist or no-futurist is to reject (1) and posit a common
relation of simultaneity for all frames. This is consistent with the claim that SR is empirically
adequate, but entails that SR is incomplete.
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5 Appendix A: the derivation of the Lorentz transformations

A Lorentz transformation is a change of co-ordinates, a translation between descriptions of
events in mutually inertial frames of reference, according to SR. Think of these frames of
reference as constructed from actual rigid rods and clocks (synchronised, in their own frame,
according to the Einstein synchrony convention, described above).

So, crucially: the same spacetime point can be identified by different specifications of co-
ordinates, each associated with a different inertial frame. The Lorentz transformations specify
the translation, for any given spacetime point, between two such frames.

Using (RP) and (LP), and some auxiliary sensible assumptions, we can derive the Lorentz
transformation between two inertial frames K and K ′ as follows:

1. Suppose K uses co-ordinates (x, t) and K ′ uses co-ordinates (x′, t′). Suppose (for sim-
plicity), that K ′ is moving in the direction of positive x with velocity v, as defined in
K. Also suppose (again, for simplicity) that the origins of K and K ′ coincide; i.e. that
(x, t) = (0, 0) and (x′, t′) = (0, 0) label the same event.

2. We presume that the co-ordinate transformation from K to K ′ is linear : that is, it
preserves inertial motion. The most general such transformation is given by

x′ = Ax+Bt
t′ = Cx+Dt

(1)

3. K ′ moves with velocity v in K. So x′ = 0⇔ x = vt; i.e.

Av +B = 0 ⇒ B = −Av. (2)

4. From (LP): (i) x = ct⇔ x′ = ct′; and (ii) x = −ct⇔ x′ = −ct′. (i) entails

c =
Ac+B

Cc+D
(3)

from step 3 we may infer

A
(

1− v

c

)
= Cc+D (4)

(ii) entails

−c =
B − Ac
D − Cc

(5)

from step 3 we may infer

A
(

1 +
v

c

)
= D − Cc (6)

Using (4) and (6) to solve for C and D we obtain

C = −Av
c2

; D = A (7)

NB: the fact that C 6= 0 and is a function of v indicates the relativity of simultaneity!
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5. To recap, our transformations are now

x′ = A(v)(x− vt)
t′ = A(v)(t− xv

c2
)

(8)

(we have made the dependence of A on v explicit). It remains to find the exact form of
A(v). We may invert (8) to obtain equations for x and t in terms of x′ and t′:

x =
x′ + vt′

A(v)
(
1− v2

c2

)
t =

t′ + x′v
c2

A(v)
(
1− v2

c2

) (9)

6. From (RP), we should expect the inverted transformations to satisfy

x = A(−v)(x′ + vt′)

t = A(−v)(x
′v
c2

+ t′)
(10)

From (9) and (10) we may infer

A(v)A(−v)

(
1− v2

c2

)
= 1 (11)

7. We now appeal to isotropy (a special case of (RP)) to argue that A(−v) = A(v). From
(11) it follows that

A(v) = ± 1√
1− v2

c2

=: ±γ (12)

8. We now demand that lim
v→0

A(v) = 1, which means we must take the positive root in (12).

9. Finally, we have the Lorentz transformations

x′ = γ(x− vt); t′ = γ
(
t− xv

c2

)
. (13)

6 Appendix B: the consequences of the Lorentz transformations

6.1 The relativity of simultaneity

The Lorentz transformations immediately entail that two events with the same value for t
(i.e. two events which are simultaneous in K) have different values for t′ (i.e. are not simulta-
neous in K ′). This can be seen from the second transformation rule:

t′ = γ
(
t− xv

c2

)
. (14)

Our two events simultaneous-in-K have the same value for t but different values for x. It
follows from the above equation, and that v, γ 6= 0 and c <∞, that they have different values
for t′.
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6.2 Length contraction

We first stipulate that a measurement of length is the measurement of the difference between
the x-coordinates of two simultaneous events. Since simultaneity is relative to an inertial
frame, it follows that length is also frame-relative.

Consider a length measurement, in frame K, of a bar that is at rest in K. We must select
two events e1 and e2 in K such that: (i) e1 and e2 are simultaneous-in-K; (ii) the wordline
of the left end of the bar passes through e1; and (iii) the wordline of the right end of the bar
passes through e2. (Convince yourself that the difference in the x-coordinate of e1 and e2 gives
the length of the bar in K.)

The equation for the K-coordinates of the worldline of the left end of the bar is x = x1,
say. The equation for the K-coordinates of the worldline of the right end of the bar is x = x2,
say. (Note that, since the bar is at rest in K, and we assume that the length of the bar in K
does not change, these equations have no dependence on t.) As per the above prescription, we
choose two events e1 and e2 simultaneous-in-K through which the two worldlines pass. These
events have K-coordinates (x1, t0) and (x2, t0), for some t0. The length of the bar in K is then
l := |∆x| = |x2 − x1|.

Using the Lorentz transformations, the K ′-coordinates of the worldline of the left end of
the bar satisfy the equation

x′ = γ(x1 − vt); t′ = γ
(
t− x1v

c2

)
. (15)

By re-expressing each equation for t and putting them equal, we obtain (after some algebra)

1

v

(
x1 −

x′

γ

)
=

x1v

c2
+
t′

γ
(16)

⇒ γ(x′ + vt′) = x1 (17)

We now choose the event e′1 (for our length measurement in K ′) by selecting, say, the time t′0.
It follows that the x′-coordinate of e′1 is

x′1 =
x1

γ
− vt′0. (18)

Similarly, the K ′-coordinates of the worldline of the right end of the bar satisfy the equation

γ(x′ + vt′) = x2 (19)

We choose the unique event e′2 on this worldline which is simultaneous-in-K ′ to e′1: i.e. we set
t′ = t′0. It follows that the x′-coordinate of e′2 is

x′2 =
x2

γ
− vt′0. (20)

The length of the bar in K ′ is then given by

l′ := |∆x′| = |x′2 − x′1| =
1

γ
|x2 − x1| =

l

γ
; (21)

and since γ > 1 for |v| > 0, we have l′ < l.
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Example: A muon is created 147km above ground in the ionosphere as a by-product of
a collision between a cosmic ray and a molecule of Nitrogen. It is created with a velocity of
v
c

= 0.99999 with respect to Earth. For this velocity γ ≈ 224. So the distance l = 147km
to Earth is contracted to l′ ≈ 656m. The mean lifetime of a muon (in its own frame) is
Tµ = 2.20× 10−6s, which is sufficient time to cover the 656m to Earth.

6.3 Time dilation

We first stipulate that a measurement of duration between two events is the measurement of
the difference between the t-coordinates of those events.

Note that a measurement of duration is not analogous to a measurement of length, for two
reasons:
(i) In a length measurement we require the two events to be simultaneous, i.e. to have the same
t-coordinate; in a duration measurement we make no analogous requirement on x-coordinates.
(ii) Length measurements of the same object made in different inertial frames involve different
events (they must be different, given (i)); duration measurements of the same object made in
different inertial frames will involve the same two events.

We first pick our two events, e1 and e2. These may be two events on some particle’s
worldline, but there need by no such restriction. Let e1 have K-coordinates (x1, t1) and e2

have K-coordinates (x2, t2) Then the duration in K between these two events is just T :=
|∆t| = |t2 − t1|.

Using the Lorentz transformations, e1 has K ′ coordinates (x′1, t
′
1), where

t′1 = γ
(
t1 −

x1v

c2

)
(22)

(never mind about x′1). Similarly, e2 has K ′ coordinates (x′2, t
′
2), where

t′2 = γ
(
t2 −

x2v

c2

)
(23)

(again, never mind about x′2). The duration in K ′ between the two events is then

T ′ := |∆t′| = |t′2 − t′1| =
∣∣∣γ(t2 − t1)− γv

c2
(x2 − x1)

∣∣∣ (24)

In the special case that e1 and e2 have the same x-coordinate in K, this simplifies to

T ′ := |∆t′| = |t′2 − t′1| = γ |t2 − t1| = γT ; (25)

and since γ > 1 for |v| > 0, we have T ′ > T .

Example: Consider our muon again. Recall that a muon’s mean lifetime (in its own frame)
is Tµ = 2.20× 10−6s. For our muon, v

c
= 0.99999 and so γ ≈ 224. It follows that the muon’s

mean lifetime in Earth’s frame is T ′µ ≈ 4.91×10−4s, which is enough time to travel the 147km
to the Earth’s surface.
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6.4 Velocity addition law

A velocity in K, associated with some worldline when it passes through some event e, is
given by the rate of change of the x-coordinate for that worldline at that event. As usual, we
calculate this rate of change as the limit of the quotient ∆x

∆t
as ∆t becomes arbitrarily small.

Let us define u as this limit; i.e.

u := lim
∆t→0

∆x

∆t
(26)

But the wordline can also be described in K ′-coordinates; so we can also define the velocity in
K ′ for the same worldline when it passes through the same event e. Let us call this velocity
u′. So

u′ := lim
∆t′→0

∆x′

∆t′
(27)

We now use the inverse Lorentz transformations to express ∆x and ∆t in terms of K ′-
coordinates. We obtain

∆x

∆t
=
γ(∆x′ + v∆t′)

γ
(
∆t′ + ∆x′v

c2

) =
∆x′

∆t′
+ v

1 + ∆x′

∆t′
v
c2

. (28)

Note that v is constant, since it gives the relative velocity of the K ′ frame w.r.t. the K-frame
and both frames are inertial. Using the fact that ∆t′ → 0 as ∆t→ 0, we have

u = lim
∆t→0

∆x

∆t
= lim

∆t′→0

(
∆x′

∆t′
+ v

1 + ∆x′

∆t′
v
c2

)
=

u′ + v

1 + u′v
c2

. (29)

To properly interpret this equation, remember:

• v is the velocity, as defined in K, of the K ′ frame (and −v is the velocity, as defined in
K ′, of the K frame);

• u is the velocity, as defined in K, of our chosen worldline when it passes through our
chosen event e;

• u′ is the velocity, as defined in K ′, of the same worldline when it passes through the
same event e.

A special example is provided where we choose the worldline of a light ray. In K ′, the light
ray has velocity u′ = c, so

u =
c+ v

1 + v
c

= c; (30)

i.e. the light ray as the same velocity c in K, as required by the Light Postulate (LP).

6.5 The spacetime interval

Given any two events e1 and e2, both the spatial distance and temporal distance between them
are frame-dependent. However, we can define a spacetime analogy of these notions which is
the same in every inertial frame. It is defined, in some frame K, as

(∆s)2 := c2(∆t)2 − (∆x)2, (31)
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where ∆x is the distance, as defined in K, between e1 and e2, and ∆t is the duration, also as
defined in K, between e1 and e2.

Using the inverse Lorentz transformations to express ∆s in K ′-coordinates, we find that

(∆s)2 = c2(∆t)2 − (∆x)2 (32)

= c2γ2

(
∆t′ +

∆x′v

c2

)2

− γ2 (∆x′ + v∆t′)
2

(33)

=
(c2 − v2)(∆t′)2 − (1− v2

c2
)(∆x′)2

1− v2

c2

(34)

= c2(∆t′)2 − (∆x′)2 (35)

(∆s)2 may be positive, negative or zero. Each of these possibilities correspond to a relation
between the corresponding two events that is invariant between inertial frames:

• If (∆s)2 < 0, then the two events are time-like related. A subluminal object can travel
between the two events.

• If (∆s)2 = 0, then the two events are light-like related. A light ray can travel between
the two events.

• if (∆s)2 > 0, then the two events are space-like related. Neither subluminal objects nor
light rays can travel between the two events. For this reason, pairs of events for which
(∆s)2 6 0 are also called causally connectible.

Finally, note that the straightness of worldliness is preserved between Lorentz transforma-
tions. It follows that in SR, as in Galilean space-time, acceleration is an absolute quantity.

6.6 The non-relativistic limit

The non-relativistic limit is often incorrectly characterised by the condition c → ∞. One
finds the claim that the Galilei transformations, the translation rule for inertial coordinates
in Newtonian mechanics, are recovered in this limit. The Galilei transformations are:

x′ = x− vt; t′ = t. (36)

However, this characterisation of the non-relativistic limit is unsatisfactory for two reasons:

1. The condition c→∞ is compatible with v
c

= constant. If v
c

remains constant, then we
do not recover the Galilei transformations from the Lorentz transformations.

2. The speed of light c is actually finite; so even if we could recover the Galilei transforma-
tions from the Lorentz transformations in the c→∞ limit, this would still not explain
the approximate empirical success of the Galilei transformations in the actual world.

To obtain the Galilei transformations in a way that avoids these problems, we instead
impose the conditions:
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(i) v
c
→ 0; i.e. the velocity of the K ′-frame relative to the K-frame is arbitrarily small

compared to lightspeed;

(ii) x 6→ ∞; i.e. we do not allow x to be arbitrarily large. (Note that, unlike (i), the fulfilment
of this condition relies on choosing an appropriate unit of length.)

The first condition is sufficient to derive γ → 1; the two conditions together are sufficient to
derive xv

c2
→ 0. This is enough to derive (36) from the Lorentz transformations.

The following results for the Galilei transformations may be checked:

1. Invariance of simultaneity. Any two events are simultaneous in one inertial frame iff
they are simultaneous in every inertial frame (∆t = 0⇔ ∆t′ = 0).

2. Invariance of lengths. Simultaneous lengths measured in all frames are equal (If ∆t =
∆t′ = 0, then ∆x = ∆x′).

3. Invariance of durations. The duration between any two events is the same in all frames
(∆t = ∆t′).

4. Velocity addition law. Using the same interpretations as given at the end of section 6.4,
u = u′ + v.
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