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1 Setup

1.1 Phase spaces

We consider an assembly of n similar systems. Each system is associated with a phase space
Γµ, a.k.a. µ-space. dim(Γµ) = 6.

From this we construct the phase space for the assembly:

Γγ := Γµ × Γµ × . . .× Γµ︸ ︷︷ ︸
n copies

(1)

Each point of this space corresponds to a precise state of the entire n-particle assembly, a.k.a. a
fine-grained micro-state. dim(Γγ) = 6n.

But we know that, for the dynamics under consideration (whatever they are), the total
energy is conserved. So the phase point is constrained to a level surface ΓE in Γγ, associated
with total energy E. dim(ΓE) = 6n− 1.

Moreover, the macroscopic details of our system mean that the phase point is further
constrained (e.g. the particles in a gas confined to a box must remain within a determinate
volume). This suggests the space Γγ,a ⊆ ΓE. dim(Γγ,a) = 6n− 1.

1.2 Partitioning the phase space into macro-states

On the Boltzmannian approach, each point in Γγ,a is thought to “give rise to” a determinate
macroscopic state characterised by values for thermodynamic quantities (pressure, volume
and temperature), a.k.a. a macro-state. Let Mi, i = 1, 2, . . .m be an exhaustive list of macro-
states. Then there exists some function M : Γγ,a → {M1,M2, . . .Mm} which assigns to every
micro-state the macro-state it “gives rise to”. (The existence of such a function is tantamount
to the claim that the macro-state of the system supervenes on its micro-state; i.e. a change in
the macro-state entails some change in the micro-state—but not necessarily vice versa!)

Given the function M , we can define macro-regions ΓMi
of the phase space:

ΓMi
:= {x ∈ Γγ,a | M(x) = Mi} (2)

All and only the micro-states of ΓMi
“give rise to” the macro-state Mi. The family {ΓMi

} of
all macro-regions is a partition of Γγ,a; i.e.

ΓMi
∩ ΓMj

= ∅ if i 6= j, and
m⋃
i=1

ΓMi
= Γγ,a (3)
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2 Boltzmann’s Law

2.1 Entropy defined

The Boltzmann entropy of any macro-state can now be defined:

SB(Mi) = kB log (µL|E (ΓMi
)) (4)

where kB is Boltzmann’s constant (of dimension [Energy ][Temp]−1), and µL|E is the restricted
Lebesgue measure on ΓE.

Using the function M , we can assign each micro-state x a determinate entropy too, namely
SB(M(x)). Since for any dynamical trajectory the micro-state x is a function of time, we can
therefore consider the entropy of our system as a function of time, SB(t) := SB[M(x(t))]. This
function is the subject of Boltzmann’s Law (a successor to his “H-theorem”):

• Boltzmann’s Law. At some time t1, if SB(t1) is far away from the maximum value for
the system, then it is highly likely that, for any t2 > t1, SB(t2) > SB(t1).

This is intended as a “probabilistic reduction” of the Second Law of Thermodynamics.

2.2 Probabilities

There are good reasons not to demand anything stronger than a probabilistic reduction of the
Second Law: it seems that a spontaneous decrease in entropy is hypothetically possible (since
the micro-dynamics are time-reversal invariant)—although fantastically unlikely. If that is
correct, then we need some way to bring probabilities into the theory, so that some proof of
Boltzmann’s Law may be attempted.

• Proportionality Postulate. Boltzmann’s suggestion is that the probability of each macro-
state track the restricted Lebesgue measure on ΓE:

p(Mi) = c µL|E (ΓMi
) (5)

for some constant c (to ensure normalisation of the probabilities).

• Statistical Postulate. Boltzmann further proposed that the same idea be extended to
arbitrary sub-regions of a given macro-region; so, for any sub-region A ⊆Mi,

p(A) =
µL|E (A)

µL|E (ΓMi
)

(6)

3 A combinatorial argument for Boltzmann’s Law

3.1 The argument

• Coarse-graining µ-space. First we partition Γµ into l cells ωj; j = 1, 2, . . . l. Each cell is
cuboidal in p and q, and all have the same dimensions and therefore the same volume,
δω. We assume that the important physical quantities do not vary much over a single
cell, so that we may assign a coarse-grained value—i.e. an average—of any such quantity
to each cell such that the real value does not much differ from that average in the cell.
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• Arrangements. The coarse-graining of Γµ induces a coarse-graining of Γγ. This intro-
duces the idea of a coarse-grained micro-state, but there are two kinds to consider. The
first kind pays attention to which particle has its state in which cell in Γµ: these are
called arrangements. Arrangements correspond to connected regions in Γγ.

• Distributions. The second kind of coarse-grained micro-state is adistribution Di, which
is characterised by the occupation numbers 〈n1, n2, . . . nl〉, where nj is the number of
particles whose individual state lies in cell ωj, so distributions “don’t care” which particle
is in which state. Any fine-grained micro-state x determines a unique distribution D(x),
so there exists some function D : Γγ → {D1, D2, . . .} (supervenience again).

A number of arrangements correspond to any given distribution D; this number is given
by

G(D) =
n!

n1!n2! · · ·nl!
(7)

• Coarse-grained micro-regions. As with the macro-states of Γγ,a, we can define the regions
of Γγ that correspond to a given distribution:

ΓDi
:= {x ∈ Γγ | D(x) = Di} (8)

These will typically be scattered regions of Γγ. It follows from the above that the
(unrestricted) Lebesgue measure of any ΓDi

is

µL(ΓDi
) = G(Di)(δω)n (9)

• The Maxwell-Boltzmann distribution. We now make the following two assumptions:

1. The total energy E ≈
∑l

j=1 njEj, where Ej is the energy associated with the cell
ωj of µ-space. This assumption is tantamount to the claim that the energy due to
interactions between the particles is negligible.

2. The occupation numbers nj >> 1. This permits us to use Stirling’s approximation
for factorials: n! ≈

√
2πn

(
n
e

)n
.

Then it may be proved that the distribution Deq corresponding to the largest region of
Γγ (as given by (9)) is given by nj = αe−βEj , for some value of α and β.

• Entropy. If we adapt somewhat the original prescription for the Boltzmann entropy (4),
then we may define

S ′B(Di) := kB log (µL(ΓDi
)) (10)

Using (9),
S ′B(Di) = kB log (G(Di)) + kBn log (δω) (11)

The last term is a constant, so can be ignored. Using (7),

S ′B(Di) = −kB
l∑

j=1

nj log nj + c(n, δω) (12)

which is indeed maximal for the Maxwell-Boltzmann distribution.
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3.2 Is this really Boltzmann’s Law?

What does S ′B, a function defined in (10) on regions of (6n-dimensional) Γγ, have to do with
SB, a function defined in (4) on regions of ((6n− 1)-dimensional) Γγ,a? We need some way to
translate our result for S ′B into a result for SB.

• We need to assume that each macro-region corresponds to the part of some coarse-
grained micro-region in which the total energy of the system is E, i.e. ΓMi

= ΓDi
∩ ΓE.

• We also need to assume that the volume of the macro-regions ΓMi
tracks the volume

of the coarse-grained micro-regions ΓDi
, i.e. µL|E (ΓMi

) = kvµL(ΓDi
), where kv is some

constant of proportionality.

This entails a strong relationship between SB(Mi) and S ′B(Di):

SB(Mi) = S ′B(Di) + kB log kv (13)

So the Maxwell-Boltzmann distribution has the highest entropy according to the original
definition (4).

4 Reading for discussion

Required reading:

• Frigg, R. (2012), ‘What is Statistical Mechanics?’, pp. 8-10.

• Frigg, R. (2008), ‘A Field Guide to Recent Work on the Foundations of Thermodynamics
and Statistical Mechanics’, pp. 8-30 (§§2.1-2.3).

Further reading:

• Albert, David (2000), Time and Chance (Cambridge, MA and London: Harvard UP),
Ch. 3.

• Brown, H. R., Myrvold, W. and Uffnk, J. (2009), ‘Boltzmann’s H-theorem, its dis-
contents, and the birth of statistical mechanics’, Studies in History and Philosophy of
Modern Physics 40, pp. 174-191.

• Gottwald, Georg A., and Oliver, Marcel (2009), ‘Boltzmann’s Dilemma: An Introduction
to Statistical Mechanics via the Kac Ring.’ SIAM review 51, pp. 613-635.

• Price, Huw (1996), Time’s Arrow and Archimedes’ Point (Oxford: OUP), Ch. 2.

• Sklar, L. (1993), Physics and Chance (Cambridge: CUP), §2.IV.1.

• Uffink, J. (2007), ‘Compendium of the Foundations of Classical Statistical Physics’, §4.
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