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1 Ergodic Theory

Boltzmann’s argument that entropy is very likely to increase, given that the volume of phase
space associated with equilibrium is enormously large, faces some problems:

• “Random” motion through phase space. We need some cogent notion of what it means
for the phase point to drift around the phase space “randomly”, and we need to prove
that this holds for the systems of interest.

• Probabilities. By the Proportionality Postulate, the phase point’s being in the equilib-
rium region has a high unconditional probability. But we are interested in conditional
probabilities: specifically, the probability that the phase point will be in the equilibrium
region, conditional on its being away from equilibrium at some earlier time. We need
some way to connect these two. We also would like some justification for the Propor-
tionality Postulate in the first place. And: how are we to interpret the probabilities?

1.1 Dynamical systems theory

A dynamical system is an ordered triple 〈X,λ, φt〉, where X is a state space, λ is a nor-
malised measure on X, and φt is a one-parameter family of measure-preserving automorphisms
(i.e. λ(φt[A]) = λ(A), for all measurable A ⊆ X and all t ∈ R).

Given any classical quantity f , which is a function f : X → R, we can define its space
mean (a.k.a. phase space average),

f :=

∫
X

dλ(x) f(x) (1)

and its time mean (a.k.a. time average) at any point x ∈ X,

f ∗(x) := lim
τ→∞

1

τ

∫ t0+τ

t0

dt f(φt(x)) (2)

Birkhoff’s Theorem guarantees the existence of f ∗(x) “almost everywhere” on X.

A dynamical system is ergodic iff: for any f : X → R, f ∗(x) = f almost everywhere.

If we choose f(x) = χR(x), the characteristic function for the region R ⊆ X, then we
obtain the result that, for an ergodic system, the fraction of time the phase point spends in
R is equal to the proportion of volume that R has w.r.t. X (according to the measure λ).

Moreover, an ergodic system is indecomposable, meaning that its phase point “explores the
whole space” (i.e. comes arbitrarily close to any point in X), given enough time, for all initial
conditions except for a set of measure zero.

A dynamical system is mixing iff: for all measurable A,B ⊆ X, limt→∞ λ(φt[B] ∩ A) =
λ(A)λ(B).

Theorem: Any mixing system is ergodic.
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1.2 Ergodicity to the rescue?

The above results help us give sensible answers to some of the problems facing Boltzmann.

Suppose that we interpret unconditional probabilities for macro-states as time averages.
(What could be the justification for this?) In that case, if the system is ergodic, then we
can use a macro-region’s phase volume to indicate that time average. We therefore have a
justification for the Proportionality Postulate.

However, it is extremely hard to prove that concrete dynamical systems are ergodic. More-
over, there are well-established examples of systems that have the “right” behaviour, but which
are known not to be ergodic! (One such example: the Kac Ring.) But then how can ergodicity
be the relevant concept here?

2 The Past Hypothesis

2.1 Loschmidt’s Reversiblity Objection

• If a process γ : [ti, tf ]→ Γγ,a is dynamically possible (i.e. obeys the micro-physical laws),
then its time-reverse T γ : [−tf ,−ti]→ Γγ,a is also dynamically possible.

• The Boltzmannian entropy SB is invariant under R, the time-reversal operation on
micro-states; i.e. SB(T γ(−t)) ≡ SB(Rγ(t)) = SB(γ(t)).

• So entropy-decreasing processes are just as likely as entropy-increasing processes.

2.2 The retrodiction, or “Boltzmann brain”, problem

• We use the Statistical Postulate to define conditional probabilities for transitions be-
tween macro-states.

• But from this it follows that low-entropy macro-states are more likely to have evolved
from higher-entropy macro-states than lower-entropy macro-states.

• So it is more likely that your past now is one with higher entropy than lower entropy.

• So it is more likely that your current state is a temporary low-entropy fluctuation, like
a “Boltzmann brain” than a stage in an entropy-increasing process, as your memories
would suggest.

2.3 The Past Hypothesis

Loschmidt’s objection may be palatable: we just need some justification for believing that the
process we happen to exist in is an entropy-increasing one. (Boltzmann suggested an ingenious
“one past, two futures” justification for this.)

But even given an answer to Loschmidt’s objection, the “Boltzmann brain” problem means
that we need in addition some justification for believing that the process we happen to be
in is one in which entropy has been increasing for a long time; i.e. that our history has a
low-entropy past.
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The hypothesis that out history does have a low-entropy past is known as the Past Hy-
pothesis. It is consistent with time-reversal invariant laws, since states need not obey the
symmetries that the laws (which connect states) do. And it justifies renouncing the Sta-
tistical Postulate for all times—except perhaps the initial state of the universe (cf. Albert
2000).

But is there any reason to believe the Past Hypothesis? Moreover, does it get us what we
need? If the entropy of the entire universe is steadily increasing, isn’t that compatible with
local entropy-decreasing processes?

2.4 The Past Hypothesis Statistical Postulate

If we deny the Statistical Postulate, then we need an alternative to define conditional proba-
bilities. Albert suggests the PHSP:

Past Hypothesis Statistical Postulate (PHSP): The original SP is valid for the initial state (of
low-entropy) at t = 0, for which the corresponding region in Γγ,a is ΓP . Let Γt := the region
of Γγ,a corresponding to the macro-state M(x(t)). Then at any time t > 0, the probability
that the phase point lies in a subset A ∈ Γt is

µL,t(A) :=
µL(A ∩Rt)

µL(Rt)
, where Rt := Γt ∩ φt[ΓP ]. (3)

Then the probability, given by µL,t, of being in a micro-state with a high-entropy past is zero.

But how do we ensure that the entropy-increasing tendency of processes beginning in low-
entropy macro-states transfers from Γγ,a generally to ΓP in particular? It is sufficient for this
that, at each t, the regions of Γt leading to low-entropy futures are scattered in tiny clusters
over Γt, so that they are not at all correlated with Rt. This “scattering condition” may be
plausible, but no proof exists.

3 Other issues

3.1 Zermelo’s Recurrence Objection

Since the underlying micro-dynamics obeys Poincaré recurrence, we cannot expect entropy
to increase all the time: at some point there will be a (brief) period of low entropy. Boltz-
mann estimated that a cubic centimetre of air would experience Poincaré recurrence about
every 101019 seconds. So it seems sensible for Boltzmann to retrench somewhat, and assert
Boltzmann’s Law to be true for most times—in particular, for times of interest to us.

3.2 Justification for coarse-graining?

The proof of Boltzmann’s Law required us to coarse-grain the single-particle phase space,
Γµ. But what justification do we have for that? In particular, what justification do we have
for doing it in the way that we did? Does the appeal to epistemic considerations (e.g. that
experimental accuracy only permits a determination of position and momentum within a
certain range) invite an unwelcome subjective element into Boltzmann’s Law?
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3.3 Assumptions of the micro-dynamics

The proof of Boltzmann’s Law used the assumption that the interaction energy between the
particles was negligible in comparison to the individual (kinetic) energies of the particles. How
universal is the validity of this assumption? Are we not surreptitiously limiting our results
to ideal gases? Is the Boltzmannian definition of high entropy as high phase space volume
in need of revision in the case of more strongly interacting systems? (Consider e.g. strongly
gravitating systems).

4 Reading for discussion
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• Albert, David (2000), Time and Chance (Cambridge, MA and London: Harvard UP),
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63-78.
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