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Abstract

Simon Saunders’ work on identity in physics has been groundbreaking. In his
most recent article, he goes against his well-known view that particles are weak
discernibles to argue that, in fact, they are often individuals. But this individual-
ity emerges from the idiosyncratic structure of the physical states, and so cannot
be assumed at the outset; hence the continued need for a formalism that imposes
permutation-invariance and which posits weak discernibles.

In this response article, I hope mainly to develop Saunders’ conclusions in the
spirit of his project, although I object to Saunders’ continued contention, inspired
by the Hilbert-Bernays-Quine “reduction” of identity, that objects must be at least
weakly discernible. First I will argue that permutation-invariance is best construed
along the lines of other invariance principles familiar in gauge theories. In the case
of permutation-invariance, the “gauge quantities” in question are the particle labels
and their associated formal apparatus.

Second, I will present a couple of results regarding the emergence of individuality
for quantum particles, particularly fermions. I argue that these results show that: (i)
individuality emerges for fermions in every joint state, but for bosons only in some
joint states; and that (ii) it is paradoxically under-determined, given a fermionic
joint state, which individuals the joint state decomposes into—a situation that owes
nothing to entanglement. In this sense, the news regarding fermionic individuality
is both better and worse than Saunders suggests.
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1 Introduction

Simon Saunders’ article in this volume is the most recent of his contributions to the
philosophy of identity in classical and quantum physics. These contributions, having so
far spanned ten or so years, have created something of a seismic shift in the literature.
In my own view, there are two reasons for their importance: one is general, the other
is specific. The general reason is that Saunders is unique in the way in which he has
creatively integrated considerations from physics on the one hand and logic and the
philosophy of language on the other. Of course, the connections between philosophy of
physics and logic were strong during the emergence of philosophy of physics as a modern
academic discipline in the US and Europe, through the writings of Carnap, Reichnbach
and Nagel; but nowadays the integration of the two is uncommon. Saunders is a notable
exception to the (in my view regrettable) broad trend, and his work is evidence of the
productive relationship that logic and the philosophy of physics can enjoy.

The specific reason for the importance of Saunders’ contribution to the philosophy
of identity in physics is the great fecundity of one particular product of this productive
relationship: namely, the application of what we might call the Hilbert-Bernays-Quine
account of identity to classical and quantum particle mechanics (henceforth HBQ),1 and

1It is worth emphasis that, unlike Quine, Hilbert and Bernays (1934), though the discoverers of this
possible quasi-reduction of identity for first-order languages, did not in fact endorse it. Their reason for
rejecting it was that, as mentioned below, it fails as a true reduction of identity as classically understood,
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the related topic of weak discernibility. It is these topics that I wish to discuss here.

My intention is two-fold. First, I will briefly discuss identity, indiscernibility and
individuality quite generally. I will argue that the truth or falsity of HBQ is immaterial
to the important notion of weak discernibility, and suggest that Saunders’ demand for
permutation-invariant theories be construed as an instance of an invariance principle,
familiar from gauge theories. Second, I wish to propose a development, in the spirit of
Saunders’ project, of his claim that individuality can emerge for quantum particles, but
only in certain special cases. I agree with Saunders’ broad claim that individuality can
emerge dynamically for quantum particles, but disagree about where it fails: in short,
I will demonstrate that entangled states pose no particular problem for individuation,
and that individuation fails only for bosons in “diagonal” states (of the form φ ⊗ φ).
However, I will also briefly mention a concern facing the individuation of fermions that
arises neither for bosons nor classical systems.

2 Identity, indiscernibility and individuality

2.1 The Hilbert-Bernays-Quine account of identity

According to HBQ, any first-order formal language with a finite vocabulary can do
without a primitive equality relation, in favour of a relation defined with the primitive
non-logical vocabulary, which, roughly speaking, expresses indiscernibility with respect
to that vocabulary (for more details, see Quine (1970, 61ff.)). This relation is provably
unique (Hilbert & Bernays (1934, §5); Quine (1970, 62-63)). However, the sense in
which one can therefore “do without” a primitive equality relation is delicate, since the
indiscernibility relation fails to define classical identity: no matter what the vocabulary,
models will exist in which objects are distinct, yet indiscernible (i.e. they satisfy the
HBQ relation).

A tempting response from the HBQ-proponent is: so much the worse for the classical
theory of identity. After all, if the HBQ-proponent is thoroughgoing in the formal
expression of her convictions, she will similarly reduce identity in the metalanguage,
rendering the classical complaint that indiscernibility does not define classical identity
a covert attempt to change the subject. (Why should she be trying to define classical
identity?) But this response will not wash, since if the metalanguage is a suitable
enrichment of the object-language, then even the thoroughgoing HBQ-proponent will see
(from the meta-language) the gap between indiscernibility and identity. In light of this, a
better line from the HBQ-proponent (and Saunders’ own view, in his response to Wiggins
(p. 5)) is that HBQ ought only be implemented for languages considered sufficiently rich
to express all physical facts. In these languages, distinctions not articulable in the
vocabulary are distinctions without a difference.

But what positive reasons do we have to accept HBQ? One respectable motivation—

since there are models in which two objects are distinct (under the classical notion), yet indiscernible.
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possibly Saunders’ own—is a general orientation against distinctions without a difference.
Quine’s reasons relate to his joint attachment to: (i) a substitutional account of logical
truth; and (ii) the logical truth of various identity-involving formulas, such as ‘∀x x = x’
(see Quine (1970, 47-64)). Quine’s grounds for (ii) are that such formulas are universal,
i.e. applicable to all objects, and can be made to be valid formulas in a complete proof
procedure (Quine (1970, 62)). But some of these formulas are simple (of the form
Rxx); so (ii) can be retained in light of (i) only if each identity statement is somehow
reconstrued as an abbreviation of some complex formula, ripe for having its component
sentences substituted for sentences until a logically valid formula is obtained. Thus
under HBQ, the erstwhile axioms of identity x = x and ¬(x = y & Fx & ¬Fy) reduce
to (substitutional) logical truths in first-order logic without identity.

What is certain is that no-one may hold all three of the following to be true: (i) the
substitutional account of logical truth; (ii) that the theory of identity is a part of logic;
and (iii) that indiscernibility may not define identity (i.e. the logical possibility of utter
indiscernibles). Quine and Saunders reject (iii); I would reject (i).2

2.2 Weak discernibles

Quine showed that, once the indiscernibility relation is defined à la HBQ, there are a
variety of ways—in fact a sequence of grades, ordered by logical strength—in which it
may fail, i.e. in which two objects may be discernible. The logically weakest non-trivial
form of discernibility is (due to Saunders) now popularly known as weak discernibility.
Two objects a and b are weakly discernible in some model A just in case there is some
two-place formula Ψ(x, y) in the language, not containing any singular terms, for which
〈a, b〉 is in the extension of Ψ in A, but 〈a, a〉 is not.3 Objects that are merely weakly
discernible—i.e. weakly discernible and not discernible by any stronger grade—may be
called weak discernibles.

For proponents of HBQ (like Saunders), distinctness requires at least weak discerni-
bility; so weak discernibility is a necessary condition for objecthood. But even for those
of us who reject HBQ, weak discernibility is an important notion. One aspect of its
importance is that it reveals the conceptual gap between objecthood (i.e. existence; in
Quine’s terms, being a member of the first-order domain) and individuality, understood
in the sense of being isolable in language or thought (and so in sense (ii) in the first
paragraph of Saunders’ article).

2Recent work by Read (2004, 2012) and Kremer (2007) has shown classical identity to be a logical
constant, according to the inferentialist Gentzen-Prawitz conception in which the inference rules gov-
erning a particular logical constant (its introduction and elimination rules) are understood as implicitly
defining that constant. According to this understanding, logical truths are just those sentences provable
from the logical laws of inference under no assumptions; the logical laws themselves are characterised by
being conservative extensions over the basic structural rules governing the logical consequence relation
between atomic formulas. For more details, see Hacking (1979) and Dummett (1991).

3It may seem surprising that yet weaker forms of discernibility do not arise for formulas with greater
than 2 free places. See Ladyman, Linnebo and Pettigrew (2012) for more details.
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According to the Quine-Saunders taxonomy, two objects a and b are absolutely dis-
cernible in some model A just in case there is some one-place formula Φ(x) in the
language, not containing any singular terms, for which a in the extension of Φ in A, but
b is not. This is the logically strongest form of discernibility. Then in the spirit of Saun-
ders’ sense (ii), we may say that an object a is an individual in the model A just in case
it is absolutely discernible from all other objects in the domain |A|. If |A| is finite, and
in some cases in which it is infinite, a’s being an individual entails its uniquely satisfying
some one-place formula, which Saunders calls its individuating property ; the converse
implication always holds. In the jargon of formal logic, an object has an individuating
property if and only if its singular term is definable from the non-logical primitive vo-
cabulary (which, we assume, itself contains no singular terms). It is in this precise sense
that a non-individual is not isolable in language or thought.

Weak discernibles are non-individuals, in the sense just introduced. If HBQ is
false, then utterly indiscernible objects may exist, and they are non-individuals too
(see Caulton & Butterfield (2012)).

2.3 Permutation symmetry as a gauge symmetry

Despite some earlier hints (Black (1952); French & Redhead (1988, 242)), the signifi-
cance of weakly discernible objects had not previously been realised. Saunders discov-
ered that, in fact, the prima facie objects of many mainstream physical theories are in
many cases merely weakly discernible, and therefore non-individuals: in quantum me-
chanics, fermions are weakly discerned by a relation that effectively expresses the Pauli
exclusion principle (Saunders (2003a, 2003b, 2006); Muller & Saunders (2008)—but see
also Caulton (2013) and Huggett & Norton (2013)); and in spacetime theories, manifold
points are discerned by a relation expressing the Hausdorff property (Saunders (2003b)).

I use the qualification “prima facie objects”, because there is the possibility that we
have our theories wrong. That is, the best interpretation of a given theory may turn
out to be one in which the relation between the mathematical elements of the theory’s
formalism and the physical objects they represent is not straightforward. In such a case
we may be misled by a theory’s mathematical structure as to the physical facts they
represent. For example, the theory’s formalism may suggest fundamental objects that
are merely weakly discernible, whereas in fact it is using a domain of weakly discernible
objects to represent possibilities for physical objects that are individuals. That point,
I take it, is the motivation of this most recent article by Saunders, and the point I will
pursue in Section 3.

You may ask, Why would weak discernibles be used to represent individuals? Oughtn’t
we use weak discernibles to represent weak discernibles and individuals to represent in-
dividuals? The reason, as Saunders explains, is that the individuality of the objects
concerned—particles and spacetime points—emerges adventitiously (i.e. state-dependently),
through physical properties and relations. This physically grounded individuality is, as
it were, more fragile than a formalism using individuals at the outset can allow.
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This situation is an instance of the general predicament in modern physics, especially
gauge theories, and is a perennial topic for the philosophy of physics. The predicament is
as follows. We avail ourselves of a mathematical formalism that, despite apparently being
indispensable, we nevertheless know to contain representational redundancies (or ‘surplus
mathematical structure’ in the words of Michael Redhead). These redundancies are
characterised by a group of transformations, the theory’s symmetries, which characterise
the redundancies by shuffling around precisely what is redundant, thereby preserving
what is genuinely representative. So, to avoid being misled by the formalism as to the
real physical goings-on, we impose an invariance condition: only those elements of a
mathematical representation that are left invariant under the symmetries correspond to
the physical facts. In classical electromagnetism, for example, it is not the four-vector
potential A that corresponds to a real physical field, but its exterior derivative F = dA,
the Faraday tensor (essentially the electric field E and the magnetic field B), since the
latter but not the former is invariant under the symmetry A 7→ A + dχ, where χ is an
arbitrary 0-form.4

The symmetry of interest for Saunders in his article is permutation symmetry. This
is because what permutations do is move around the formal labels of the fundamental
objects, and we may not presume that these labels have real physical correlates. (We
might call this approach methodological anti-haecceitism, following the definition first
articulated by Lewis (1986, 221).) Accordingly, we impose an invariance condition: thus
Saunders’ requirement that all physically meaningful sentences of the formal language
be invariant under arbitrary permutations of the formulas’ argument places.

2.4 The emergence of individuals

An interesting prospect, outlined by Saunders in his article, is that there be such sen-
tences, true in quantum mechanics and general relativity, which are best construed as
describing individuals. The truth of these sentences depend on the assumption of con-
tingent premises regarding the pattern of physical properties and relations. In general
relativity (p. 3), these premises need only amount to the assumption of a heterogeneous
spacetime, perhaps due to an asymmetric distribution of mass-energy, sufficient to indi-
viduate each spacetime point with a precise set of values for the scalar invariants of the
metric and Riemann tensors. In quantum mechanics, according to Saunders (p. 18), the
necessary premises are much more demanding: we require the joint state to be the (anti-)
symmetrization of a heterogeneous product state. (As we shall see, in the heterodox—
but in my view correct—conception of Ghirardi, Marinatto and Weber (2002), such joint
states count as unentangled.)

In the remainder of this response article, I hope to show that the situation for quan-
tum particles is both better and worse than Saunders claims. More specifically, I wish

4In the case of non-simply connected spaces, F does not exhaust the gauge-invariant information;
rather, that is captured by the anholonomies

H
γ

A, i.e. the integrals of A around all closed loops in the

space. See Belot (1998).

6



to argue that: (i) one can satisfactorily individuate quantum particles in a wider class of
states than Saunders suggests—in fact, that two fermions may always be individuated,
no matter what their joint state; and that (ii) despite this good news, the situation
for fermionic individuals is gloomy, due to quantum reasons that are not related to
entanglement.

3 Individuating elementary quantum particles

Objects are individuated if they possess individuating properties, in the sense of Section
2.2. Therefore our task is to find individuating properties for our quantum particles,
subject to Saunders’ constraint that everything remains permutation-invariant. I will
restrict to the simplest non-trivial case, that of two particles.

3.1 Qualitative individuation: classical case

In the case of two classical particles, we may find, following Saunders (pp. 12-13), can-
didate individuating properties by selecting two non-overlapping regions Rα and Rβ of
µ-space (which I will call γ), the phase space of which each individual particles’ phase
space is a copy. I will use ‘Rα’ to refer both to the relevant region of phase space and the
property that it represents. We must have Rα∩Rβ = Ø, since that is a necessary condi-
tion for Rα and Rβ being individuating, as opposed to merely demarcating, properties,
in Saunders’ sense (p. 12).

Now the region

B(Rα, Rβ) :=
(
(Rα ×Rβ) ∪ (Rβ ×Rα)

)
/S2 , (1)

which I will call an individuation block, where ·/S2 indicates quotienting under the
permutation group for 2 symbols, is a subregion of the reduced phase space Γr :=
(γ × γ)/S2. B(Rα, Rβ) contains just those states in which Rα and Rβ are individuating
properties, since out of each corresponding pair of points in µ-space, one lies in Rα and
the other lies in Rβ—that is, the properties Rα and Rβ are uniquely satisfied.

I wish to emphasise five points about this case.

1. So long as the total system’s state lies in B(Rα, Rβ), the two particles are individ-
uated by Rα and Rβ. This state lies in the reduced phase space, so it is clearly
permutation-invariant. Thus we have the emergence of individuals in Saunders’
sense (ii).

2. Moreover, so long as the state remains in B(Rα, Rβ) over the course of the Hamil-
tonian flow, Rα and Rβ serve as trans-temporal criteria of identity. Thus we have
the emergence of individuals in Saunders’ sense (i).
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3. Clearly, no pair of individuating properties may be found that individuates the
particles in all states. This is because we cannot cover the whole of Γr with a
single individuation block. One way of seeing this is that any individuation block
B(Rα, Rβ) has a Cartesian product structure, i.e. B(Rα, Rβ) ∼= Rα×Rβ; while Γr
does not, i.e. there are no non-singleton sets Γ1 and Γ2 such that Γr ∼= Γ1 × Γ2.

4. However, given any non-diagonal state—i.e. a state not of the form (q,p; q,p)—an
individuation block can be found which captures (i.e. contains) that state. There-
fore, excluding diagonal states, the classical particles may always be individuated
by some pair of properties.

5. In diagonal states, of the form (q,p; q,p), individuation of the particles is impos-
sible, since both particles satisfy exactly the same properties.

3.2 Qualitative individuation: quantum case

In the quantum case, properties are represented not by regions of phase space, but by
projectors. Therefore candidate individuating properties are represented by projectors
on the single-particle Hilbert space H. Select two such projectors Eα and Eβ. They
need not be one-dimensional. Now a necessary condition of their being individuating, as
opposed to merely demarcating, is that Eα ⊥ Eβ, i.e. EαEβ = EβEα = 0.

Now the Hilbert space

B(Eα, Eβ) := (Eα[H]⊗ Eβ[H])⊕ (Eβ[H]⊗ Eα[H]) (2)

intersects with both the fermionic joint Hilbert space H− := A (H⊗H), where A is
the anti-symmetrizer, defined by being linear and A : φ ⊗ ψ 7→ 1√

2
(φ ⊗ ψ − ψ ⊗ φ),

and the bosonic joint Hilbert space H+ := S (H⊗H), where S is the symmetrizer,
defined by being linear and S : φ ⊗ ψ 7→ 1√

2
(φ ⊗ ψ + ψ ⊗ φ). Let B−(Eα, Eβ) be

its fermionic component (i.e. B(Eα, Eβ) ∩ H−) and B+(Eα, Eβ) its bosonic component
(i.e. B(Eα, Eβ) ∩ H+).

B±(Eα, Eβ) contains just those bosonic/fermionic states in which Eα and Eβ are
uniquely satisfied, i.e. for which the “number operators”

Eα ⊗ 1+ 1⊗ Eα; Eβ ⊗ 1+ 1⊗ Eβ (3)

have eigenvalue 1. In analogy with the classical case, we may say—we ought to say—
that B±(Eα, Eβ) contains just those states in which the particles are individuated by
the properties Eα and Eβ.

The case in which Eα and Eβ are one-dimensional projectors corresponds to the case
of individuation endorsed by Saunders (p. 18). As Saunders observes, in this case we
may attribute pure states to the two particles. However, there is clearly no need to
restrict instances of successful individuation to the projectors’ being one-dimensional.
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In general, we may attribute (different) density operators to the two particles; the ranges
of the two density operators are guaranteed to be orthogonal (since Eα ⊥ Eβ), so we
may still say that the particles are individuated.

Let me briefly return to the case Saunders favours, namely that in which one-
dimensional individuating properties may be found. (In this case the individuation
block in each symmetry sector is also one-dimensional.) In this case, even though the
joint state is non-separable (it is of the form 1√

2
(φ ⊗ ψ ± ψ ⊗ φ)), we may attribute

pure states to the constituent particles (i.e. φ and ψ—but see Section 3.5). This sug-
gests a radical revision of our definition of entanglement for bosons and fermions. For
the physical idea behind entanglement is that the joint state may be definite (i.e. pure,
representable by a one-dimensional projector), while the constituent systems’ states are
indefinite (i.e. mixed, representable only by a density operator); according to this under-
standing states of the form 1√

2
(φ⊗ψ±ψ⊗φ) ought not to count as entangled, provided

we individuate the particles properly. However, the usual definition of an entangled state
as non-separable clearly has it that these states are entangled.

For reasons of space, I cannot pursue this issue further, except to advertise the re-
cent work of Ghirardi, Marinatto and Weber (see Ghirardi, Marinatto & Weber (2002);
Ghirardi & Marinatto (2003, 2004, 2005)). They also suggest a redefinition of entangle-
ment for “indistinguishable” particles (i.e. bosons and fermions); I will call their notion
GMW-entanglement, to avoid confusion with the non-separability definition. A joint
state is GMW-entangled iff it is not of either of the forms: (i) 1√

2
(φ⊗ψ±ψ⊗φ), where

φ ⊥ ψ; or (ii) φ⊗ φ.

It turns out that GMW-entanglement for a fermionic joint state coincides exactly
with the case in which one-dimensional individuating properties cannot be found for
the two particles. For bosons, the matter is complicated by states of the form φ ⊗ φ,
which should surely count as unentangled, but for which individuation properties of any
dimension cannot be found; but the concepts coincide for heterogenous states, i.e. states
of the form (i).

Parallel to the classical case, I wish to emphasise five points (cf. Section 3.1).

1. So long as the total system’s state lies in B±(Eα, Eβ), the two particles are indi-
viduated by Eα and Eβ. This state lies in either the symmetric or antisymmetric
sector of H⊗H, so it is clearly permutation-invariant. Thus we have the emergence
of individuals in Saunders’ sense (ii).

2. Moreover, so long as the state remains in B±(Eα, Eβ) over the course of unitary
evolution, Eα and Eβ serve as trans-temporal criteria of identity. Thus we have
the emergence of individuals in Saunders’ sense (i).

3. Clearly, no pair of individuating properties may be found that individuates the
particles in all states. This is because we cannot cover the whole of H± with a
single individuation block. One way of seeing this is that any individuation block
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B±(Eα, Eβ) has a tensor product structure, i.e. B±(Eα, Eβ) ∼= Eα[H]⊗Eβ[H]; while
H± does not, i.e. there are no Hilbert spaces H1 and H2, both with dimension 2 or
more, such that H± ∼= H1⊗H2. (N.B.: the relation ∼= denotes unitary equivalence,
rather than simple isomorphism between the spaces. This is a much stronger
relation, since it involves the associated operator algebras.)

4. However, given any non-diagonal, non-GMW-entangled state—i.e. a state of the
form 1√

2
(φ⊗ψ±ψ⊗φ), where φ ⊥ ψ—an individuation block can be found which

captures (i.e. contains) that state (just set Eα := |φ〉〈φ|; Eβ := |ψ〉〈ψ|). Therefore,
excluding diagonal states, the quantum particles may always be individuated in
non-GMW-entangled states by some pair of properties, in agreement with Saunders
(p. 18).

5. In diagonal states, of the form φ⊗φ (which are boson states), individuation of the
particles is impossible, since both particles satisfy exactly the same properties.

3.3 Fermions are always absolutely discernible

It remains to determine the situation for GMW-entangled states. To this end, I present
a theorem regarding the individuation of fermions. The proof of this theorem requires
the following lemma from matrix theory (the inspiration for using this lemma comes
from Schliemann et al (2001) and Eckert et al (2002)):

Lemma 1 (see e.g. Mehta (1977)) For any complex anti-symmetric n × n matrix M ,
there is a unitary transformation U such that M̃ := UMUT has the form

M̃ = diag[Z1, . . . Zr, Z0] (4)

where Zk :=
(

0 zk
−zk 0

)
, zk ∈ C and Z0 := O(n−2r) is the (n − 2r) × (n − 2r) null

matrix.

The theorem for fermions is then as follows.

Theorem 1 If dim(H) < ∞, then for any two-fermion joint state Ψ ∈ A(H ⊗ H),
there exists two individuating properties Eα, Eβ (Eα ⊥ Eβ) such that Ψ lies in the
individuation block B−(Eα, Eβ).

Proof sketch for Theorem 1. I use the fact that any two-fermion state lying in a finite-
dimensional Hilbert space may be represented by an complex anti-symmetric matrix.
By Lemma 1, there is some basis {φi} in the single-particle Hilbert space H such that
the joint state Ψ may be written

Ψ =
x d

2
y∑

i=1

ci
1√
2

(φ2i−1 ⊗ φ2i − φ2i ⊗ φ2i−1) (5)

10



where d := dim(H), xxy is the highest integer n 6 x, and
∑x d

2
y

i=1 |ci|2 = 1.

Now define Eα as the projector on all odd-numbered basis states, and Eβ as the
projector on all even-numbered basis states:

Eα := |φ1〉〈φ1|+ |φ3〉〈φ3|+ . . . ; Eβ := |φ2〉〈φ2|+ |φ4〉〈φ4|+ . . . (6)

Then Ψ lies in the individuation block B−(Eα, Eβ). It may be checked that Ψ is an
eigenstate of both (Eα ⊗ 1+ 1⊗ Eα) and (Eβ ⊗ 1+ 1⊗ Eβ), with eigenvalue 1. �

I know of no similiar proof for the general situation in which dim(H) =∞. However,
so long as Slater rank of Ψ is finite, then the theorem for the finite-dimensional case
applies.

3.4 Failures of individuation for bosons

As for bosons, clearly there are bosonic GMW-entangled states that are subject to in-
dividuation in the way outlined in section 3.2, but there are plenty of counterexamples.
Since individuation fails whenever the state has support outside of the individuation
block, and the individuation block must be “off-diagonal” in the sense that Eα ⊥ Eβ, in-
dividuation will fail whenever the joint state has a non-zero amplitude for some diagonal
state in every single-particle basis. An example of such a joint state is provided by any
non-trivial superposition of a diagonal state with a non-diagonal non-GMW-entangled
state; i.e.

Ψ = c1φ1 ⊗ φ1 + c2
1√
2

(φ1 ⊗ φ2 + φ2 ⊗ φ1), (7)

where c1, c2 6= 0.

Another example of impossible individuation is provided by the joint state

Ψ = c1
1√
2

(φ1⊗φ2 +φ2⊗φ1)+ c2
1√
2

(φ2⊗φ3 +φ3⊗φ2)+ c3
1√
2

(φ3⊗φ1 +φ1⊗φ3), (8)

where c1, c2, c3 6= 0. In this state, the single-particle states cycle across the entangled
branches, so as to thwart the possibility of a pair of trans-branch individuating proper-
ties.

3.5 Failures of uniqueness for fermions

Theorem 1 ensures that any joint state of two fermions is one that can be decomposed into
a pair of individuals. But we have not yet explored the possibility that the decomposition
is not unique. In fact, this extremely puzzling possibility arises—indeed, is ubiquitous—
for fermionic states.

I mean more than the humdrum possibility that a variety of pairs, all mututally
compatible, of individuating properties may be found for the two particles. A classical
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instance of such a case is as follows. One particle lies in the North-West corner of the
laboratory; the other lies in the South-East corner. Then the property pair {lies to the
North, lies to the South} serves as an individuating pair; and so does the pair {lies to
the West, lies to the East}. This situation is humdrum, since both pairs are logically
weakenings of the same unique, maximally specific pair {lies at x, lies at y}, where x is
some location to the North-West and y is some location to the South-East.

The phenomenon for fermions is much more extreme than this. In fact, any fermionic
state decomposes into a variety of pairs that are mutually incompatible. (This phe-
nomenon has also recently been discussed by Tomasz Bigaj, and is briefly mentioned by
Pooley (2006).) A vivid example is the singlet state

Ψ− =
1√
2

(φ↑ ⊗ φ↓ − φ↓ ⊗ φ↑) , (9)

which lies in the one-dimensional (and therefore maximally specific) individuation block
determined by the pair of one-dimensional (and therefore maximally specific) projectors
{E↑, E↓}. The same individuation block is determined by any other orthogonal pair
{E(θ,φ), E(π−θ,φ+π)} of one-dimensional projectors onto H = C2. Thus we may say of
the singlet state that it contains one spin-up particle and one spin-down particle, and
that it contains one spin-left particle and one spin-right particle, even though we know
that e.g. the spin-up particle cannot be either spin-left or spin-right (it is neither).

There are two further points that I wish to emphasize. First, the predicament just
outlined is not due to do entanglement. On the contrary, it regards non-GMW-entangled
states, in which we may attribute maximally specific individuating properties to the
particles. And anything that goes for the non-GMW-entangled states goes also for the
GMW-entangled states of which they are parts. Thus the predicament applies to every
joint state of the fermions. (In a sense, the predicament is somewhat the opposite of en-
tanglement. Entanglement is the failure of the constituent particles’ states to determine
a unique joint state. Here, the joint state fails to determine the constituent particles’
states.)

Second, the predicament only gets worse for states of three more particles. The va-
riety of decompositions into individuals possible for a non-GMW-entangled N -fermion
joint state are in one-to-one correspondence with the bases of an N -dimensional sub-
space of the single-particle Hilbert space H. If all decompositions are to be mutually
compatible, then it must be possible, given each orthonormal basis, to label each of the
basis vectors with the numbers {1, 2, . . . , N}, such that the same basis vector always
gets assigned the same number no matter which basis it is understood as belonging to.
This problem is strictly harder than the Kochen-Specker (1967) problem of similarly
labelling basis vectors with only two numbers; but we know that if N > 2, then this
problem cannot be solved. Therefore for states of three or more fermions, incompatible
decompositions cannot even be made compatible by appeal to hidden variables.

How we respond to this predicament is an open problem that is surely worthy of
further study. What is particularly acute about it is that it issues from a way of in-
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dividuating the constituent particles—that is, using physical properties, as Saunders
proposes—that is surely correct. A retreat to the old way of individuating the particles—
namely, with the factor Hilbert space labels—is not a viable option, since it would have to
involve forgetting our core physical insight, that these labels are nothing but descriptive
fluff.
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• Schliemann, J., Cirac, J. I., Kuś, M., Lewenstein, M. & Loss, D. [2001]: ‘Quantum
correlations in two-fermion systems.’ Physical Review A 64: 022303.

14


