
Chance: the Frequency, “Best System” and Propensity
Interpretations

Pt. IB Probability Lecture 3, 26 Feb 2015, Adam Caulton (aepw2@cam.ac.uk)

1 What are chances?

Whatever else we may say about chances—if they exist!—they are physical probabilities:
i.e. they are empirical, mind-independent, and they are aptly represented by the probability
calculus. Can we be more specific?

One strategy for identifying the right interpretation of chance is to follow the Ramsey-
Carnap-Lewis approach to theoretical terms, according to which theoretical terms are defined
by the functional role that their corresponding entities play (if they exist!), according to our
theory of the world. There are two plausible roles which chances may be said to play:

• Constraining rational credences: the Principal Principle.

Let E be some proposition whose chance, entailed by some chance hypothesis H, is
chH(E). Then, for any admissible proposition F , A’s credence in E given H and F is
rational iff

crA(E|H,F ) = chH(E). (1)

One way of putting the Principal Principle is: chance is an expert function (cf. last
week’s handout). On the current proposal, one treats the Principal Principle as an
implicit definition of chance (so it is taken as analytic and a priori).

• Explaining relative frequencies.

Here the Weak Law of Large Numbers is relevant (see the first lecture’s handout). For
each n, let Sn be a sequence of n Bernoulli trials, where each Sm, where m < n, is
the initial subsequence of Sn. The Bernoulli trials are characterised by the same single-
run chance of a positive outcome ch(1). Let fn(1) be the relative frequency of positive
outcomes in the sequence Sn. Then for any ε > 0,

lim
n→∞

ch(|fn(1)− ch(1)| < ε) = 1. (2)

I.e., as the sequence becomes arbitrarily long, the chance that the single-run chance
matches the relative frequency approaches 1. This falls short of showing that single-case
chances determine the long-run frequencies, since nothing we have yet said allows us to
infer E from ch(E) = 1, still less from ch(E) → 1 in some limit! But nevertheless we
might propose that chances are closely connected to relative frequencies: in particular,
that chances explain, at least to some extent, why the actual relative frequencies are
what they are. The notion of ‘explain’ at issue here is somewhat up for grabs.

2 Frequentism

Of course, no one can deny that actual relative frequencies exist, nor that they satisfy the
Kolmogorov axioms. Frequentism is the more interesting claim that chances are nothing but
relative frequencies. But there is room for disagreement here as to whether chances are the
actual relative frequencies that—everyone accepts—exist, or whether they are hypothetical
relative frequencies, particularly relative frequencies in the hypothetical infinite long-run.
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2.1 Actual frequentism

Actual frequentism is the view that the chance of some event E is the actual relative frequency
of E-type events in some suitable reference class of actual events. (Note that actual reference
classes of events are often, perhaps universally, finite; so chances on this view will be rational
numbers.)

One objection to actual frequentism is that, while it may be plausible to say that actual
frequencies are evidence for chances, the claim that chances are actual frequencies asserts too
strong a link between the two. If the probability of a coin’s toss coming up heads is 1

2
, say,

then the probability of getting 10 heads in a row is 1
210

> 0. So there is a probability 1− 1
210

< 1
of not getting 10 head in a row. So not getting 10 heads in a row is not necessary, since any
necessary event gets probability 1, by the Kolmogorov axioms. So getting 10 heads in a row
is not impossible. So it is possible that both p = 1

2
and the actual relative frequency be 1. So

it seems, if chances are to be probabilities, then they can’t be actual relative frequencies.

But the actual frequentist has a reply here. It is indeed possible that the chance of heads
be 1

2
, i.e. the relative frequency of heads in reference class R1 (perhaps, the instances so

far observed) be 1
2
, while the relative frequency of heads in some other reference class R2

(perhaps, the next 10 instances) be 1. What is not possible, on this view, is that the chance
of heads be different from the relative frequency in the same reference class; and that claim
has not been undermined by the above argument.

Another objection is that, while the actual frequentist manages (very successfully!) to
explain actual frequencies with chances when we consider the same reference class, there
appears to be no explanation at all of actual frequencies with chances determined by some
other reference class. Not, at least, until something more is said about which reference classes
are suitable to appeal to. The same may be said for chance’s role in constraining rational
credences: why should actual frequencies constrain them? It depends on the reference class!

2.2 Hypothetical frequentism

Hypothetical frequentism is the view that the chance of some event E is the relative frequency
of E-type events in the hypothetical infinite long-run of some suitable reference class of events.

Hypothetical frequentism goes some way in explaining both the connection to actual fre-
quencies and the constraint on rational credences. If a coin would come up heads roughly half
the time if it were tossed arbitrarily many times, then (in the absence of any pattern in the
outcomes) we would expect that, most of the time, a given finite segment of the outcomes has
heads roughly half the time. And if you knew that a coin would come up heads roughly half
the time if it were to be tossed arbitrarily many times, it seems plausible that (in the absence
of any other information) it is most rational for you to have credence about 1

2
in its coming

up heads now.

But it may be objected that the link between chance and frequencies is still too strong on
hypothetical frequentism. For, intuitively, it is possible for the chance of heads for a given
coin toss to be 1

2
, and yet for the coin to come up heads every time it is tossed, no matter

how many times it is tossed. The hypothetical frequentist must deny this intuition.
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2.3 When are chances-as-frequencies defined in the infinite long-run?

Von Mises (1957) suggested necessary conditions for suitable sequences. According to these
conditions, chances are defined only for infinite sequences which are:

(i) convergent—i.e., the relative frequency of positive outcomes is defined; and

(ii) random—i.e. (heuristically), there is no pattern in the outcomes which would permit,
e.g., one to predict a particular outcome.

We may have (i) without (ii), for example in the following sequence of coin toss outcomes:

H T H T H T H T H T H T . . .

And we may have (ii) without (i), i.e. there are possible infinite sequences in which the relative
frequency of positive outcomes in the first n trials oscillates without ever settling down as n
increases without limit.

Von Mises (1957, pp. 23-28) offers a precise definition of randomness, which is related to
the impossibility of formulating any gambling system; see also Hájek (2012, §3.4). Another
definition uses the notion of Kolmogorov complexity ; see Hájek (2012, §4).

2.4 The reference class problem

The above necessary conditions are suggested as part of a hypothetical frequentist account,
but an actual frequentist could easily formulate finite analogues. (In fact, (i) trivially holds
for finite sequences, so only (ii) needs to be reformulated.) But still these conditions seem to
fail in picking out a sufficiently narrow class of sequences suitable for defining chances.

Consider the simple question: What is the chance that it will rain tomorrow? If this
chance is to be guaranteed unique, then there must be a unique reference class of which rainy
days make some definite proportion. But which is the correct reference class? The actual
frequentist must choose between (amongst others):

• all days since the dawn of time;

• all days in late February;

• all days in late February in the year of a UK general election;

• all days in late February, post 2000;

• all days in late February, 2015.

Intuitively at least, some of these are better than others. And it seems that these comparative
judgments are guided by our beliefs about which ways of specifying events are relevant to its
raining or not tomorrow. Moreover, it seems that, all else being equal, we want the reference
class to be as large as possible. So we might want to stipulate: the uniquely correct reference
class is the maximal class of events individuated solely by their relevant characteristics. But
now we must specify what counts as ‘relevant’.
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The problem of defining ‘relevance’ also faces the hypothetical frequentist. For, the hypo-
thetical infinite long-run sequence appealed to is presumably one in which each trial in the
sequence is relevantly similar to every other. (A sequence in which we hold everything fixed
from trial to trial is not a possible sequence.) Moreover, the hypothetical frequentist must
also justify why the chances are determined by the limiting relative frequency in the limit of
arbitrarily many trials, i.e. in the order of increasing time. This is because if we choose some
other order by which to define a limiting relative frequency, we will typically get a different
result.

The problem of defining ‘suitable’ or ‘relevant’ reference classes is an open one. But it
must also be emphasised that many frequentists reject the idea that one must be defined, or
uniquely defined, for every event. Of an event for which no suitable reference class can be
specified, a frequentist may well say: the chance of this event is simply not defined. Take, for
example, von Mises (1957, p. 11):

‘We can say nothing about the probability of death of an individual even if we
know his condition of life and health in detail. The phrase “probability of death”,
when it refers to a single person, has no meaning at all for us.’

Von Mises (1957, p. 20) is also eager to urge that, in cases where the chance of an event is
defined, its relativity to a suitable reference class is an important fact, not to be resisted:

‘In many cases the collective can be defined in several ways and these are cases in
which the magnitude of the probability may become a subject of controversy. It
is only the notion of probability in a given collective which is unambiguous.’

2.5 Postulating hypothetical long-run frequencies

Actual frequentists clearly have no trouble in specifying how we come to know what the
chances of events are. For hypothetical frequentists, the problem is somewhat urgent. A
common proposal is that actual frequencies serve as inductive evidence for hypothetical infinite
long-run frequencies—and, it should be added, for the hypothetical infinite long-run sequence
being random.

Let fn be the relative frequency of positive outcomes so far observed (out of n trials), and
let f∞ be the hypothetical long-run relative frequency of positive outcomes. Then we have an
embarrassment of riches when it comes to inductive advice about how fn should inform our
postulation of f∞:

• Reichenbach’s “straight rule”. If fn = r
n
, then inductively infer f∞ = r

n
.

• Laplace’s rule of succession (repurposed). If fn = r
n
, then inductively infer f∞ = r+1

n+2
.

• [Insert your name here]’s rule. Choose any two positive real numbers a, b, where a 6 b.
Then if fn = r

n
, inductively infer f∞ = r+a

n+b
.

In the limit n → ∞, all of these rules agree. But for any finite n, they give contradictory
advice—indeed, they disagree as much as you like (with suitable choices for a and b). This
is down to the fact that the relative frequency for any finite initial subsequence is consistent
with any relative frequency for the total infinite sequence!
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Following Carnap, inductive inferences to hypothetical long-run frequencies can be made
more sophisticated by combining two kinds of probability: (i) relative frequencies; and (ii)
whichever kind of probability operates in inductive reasoning (more on this next week). Since
this combination can be performed not just for frequencies, but for any interpretation of
chance, I postpone discussion until the final section of this handout.

2.6 What determines the hypothetical long-run frequencies?

Besides these epistemological problems, another, metaphysical, question faces the hypothetical
frequentist: What in the world makes the hypothetical long-run frequencies what they are?
Since they are hypothetical (or counterfactual), they are not actual. So we must choose
between:

(a) there being modal facts which are not determined by the actual facts, which is peculiar
if not intolerable;

(b) there being no fact of the matter about what the hypothetical long-run frequencies are,
which would entail rejecting hypothetical frequentism; and

(c) there being something else in the world which determines the hypothetical long-run fre-
quencies, which entails admitting that hypothetical long-run frequencies are not all there
is to an interpretation of chance; i.e. it also entails rejecting hypothetical frequentism.

3 The “best system” approach

Just as Lewis’s “best system” account of laws may be described (à la Armstrong) as a ‘so-
phisticated regularity theory’, his “best system” account of chance is well described as a
‘sophisticated actual frequentist theory’. According to this account, we should include the
possibility of chancy laws as part of the best deductive system of the world. When chancy
laws are in play, the best deductive system is the one which finds the best balance between
simplicity, strength and fit. The chances in any world (e.g. specifications of radioactive half-
lives) are then just the ones entailed by the chancy laws in that world’s best system. In
short, the “best system” approach opts for (c), and proposes that the hypothetical long-run
frequencies are determined by the actual facts, including actual frequencies.

3.1 What is “fit” and what counts as “best”?

As proposed by Lewis (1980), chances fit a world’s history better the likelier that history—
past, present and future—is, according to the chances. An important instance of good fit
is the assignment of a single-case chance ch(E) to events of type E, which occur extremely
frequently in the world’s history, such that ch(E) matches E’s actual relative frequency fN(E)
in the history (past, present and future). For then, by the Weak Law of Large Numbers, the
chance that the actual relative frequency fN(E) matches ch(E) is close to 1.

The reference class problem for frequentism is (at least partly) solved by Lewis by the
demand that the laws—including the chancy laws—be, all else being equal, as logically strong
and simple as possible (where simplicity is understood as syntactic complexity in the language
which “carves nature at the joints”). The proposal that chances are determined by the total
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history of the world also plausibly meets the condition placed by the Principal Principle,
i.e. that chances constrain rational credences.

Lewis’s proposal appeals to the best deductive system of the entire world, all things con-
sidered. But some (e.g. Hoefer—see Hájek 2012, §3.6) suggest that this demand be relaxed
to the best deductive system for us, in some limited domain. Doing so may allow there to be
non-extremal chances ( 6= 0 or 1) of macroscopic events, e.g. coin tosses, even though the best
deductive system of the entire world, all things considered, entails that the microscopic world
is utterly deterministic. It also entails, of course, that chances become relativised to domains,
perhaps construed in terms of “levels of description”, and to our epistemic limitations.

3.2 The “big, bad bug”

Suppose that the actual world’s total history W fully determines the conjunction of all chance
hypotheses, as specified by the “best system” approach. Call this W ’s chance theory, TW . Now
typically, according to TW , outcomes other than those that actually occur have a nonzero
chance of occurring. So according to TW , some other, non-actual total history W ′ had a
non-zero chance of being the actual world’s total history. But the best system for W ′ may
well be different from W ’s best system; in particular, W ′ may well determine a rival chance
theory TW ′ � ¬TW . So, given TW , TW has a nonzero chance of being false. Lewis calls this
phenomenon undermining. Undermining also arises for other versions of actual frequentism—
convince yourself of this!

Undermining contradicts the Principal Principle. According to the Principle, an agent A’s
credence in W ′ given TW is rational iff

crA(W ′|TW ) = chTW
(W ′) > 0. (3)

But W ′ determines the rival chance theory TW ′ , which is inconsistent with TW . So if A is
rational, then crA(W ′|TW ) = 0. Contradiction! Lewis (1994) proposes an amendment to the
Principal Principle in light of this “big, bad bug”.

4 Propensities

The trilemma given in section 2.6 is overcome for the proponent of the propensity interpre-
tation of chance by opting for (c): there being something else in the world which determines
the hypothetical long-run frequencies. More specifically, the “something else” is held to be
dispositional properties.

4.1 What sort of dispositional properties?

• Sure-fire dispositions to generate long-run relative frequencies. According to this ver-
sion of the propensity interpretation, propensities are dispositions to generate certain
long-run relative frequencies. These dispositions are “sure-fire” in the sense that the
manifestation (a certain long-run frequency) would be guaranteed to occur, were the
disposition activated (i.e. were there to be an infinite, or perhaps “large” finite number
of relevantly similar trials). The chance of some event is taken to indicate the long-run
relative frequency which the propensity has the disposition to produce.
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• Single-case tendencies. According to this version of the propensity interpretation, propen-
sities are tendencies to produce particular outcomes which may come in varying degrees
of strength. The chance of some event is taken to measure the strength of this tendency.
These tendencies can explain relative frequencies via the Weak Law of Large Numbers
if they are i.i.d.: a tendency of strength p for a positive outcome in a single Bernoulli
trial entails a tendency of strength 1 (that is, a sure-fire disposition) to yield a long-run
relative frequency that is as close as you like to p in the limit of arbitrarily many trials.

4.2 Questions for propensity theories

One attraction of the propensity interpretation is that it allows one to make sense of single-
case chances even when there is no actual suitable reference class. However, since propensities
are postulated to account for hypothetical long-run frequencies, any theory of propensities is
subject to very much the same reference class problems as the hypothetical frequentist.

If propensities are sure-fire dispositions to generate long-run relative frequencies, then it
is clear why the corresponding chances should satisfy the Kolmogorov axioms (the relative
frequencies do). But if propensities are single-case tendencies, there seems to be no such
guarantee, except in the limited case of Bernoulli trials, where (thanks to the Weak Law of
Large Numbers) we can convert a single-case tendency into a long-run sure-fire disposition.

A propensity is a dispositional property, but of what? The chance 1
2

of a coin to land
heads when tossed is not simply a property of the coin, since there are ways to toss the coin to
guarantee heads. This suggests that the propensity is, as Popper (1959) suggested, a property
of the setup. But how much is included in a specification of the setup? Here we meet the
same need to define ‘relevance’ for the characteristics of chance setups as met the frequentist.

A final problem, posed by Paul Humphreys, runs as follows. If the chances measuring
propensities satisfy Kolmogorov’s axioms, then they should obey Bayes’ Theorem. But this
implies that, if there is a conditional chance of getting a head given that a coin is tossed, there
should also be the converse conditional chance of the coin being tossed given that it comes up
heads. But the latter conditional chance seems not to have a plausible propensity interpre-
tation. This problem may be averted by taking the second strategy for defining conditional
probabilities (see lecture 1’s handout). We may choose our field of propositions such that, for
a given B and any A, p(A|B) is a probability, even though p(B|A) is typically undefined.

5 Combining chance with inductive probabilities

Let ep(A), etc. be the epistemic, or inductive, probability of A. For now we will remain neutral
as to whether ep is best given a personalist or logical (or perhaps some other) interpretation.
Let E be some evidence—specifically of actual relative frequencies. And suppose there is some
partition {Hi} of chance hypotheses—specifically entailing some specification of the chance of
E, ch(E). Then, using Bayes’ Theorem and the Law of Total Probability,

ep(Hk|E) =
ep(E|Hk)ep(Hk)

ep(E)
=

ep(E|Hk)ep(Hk)∑
i ep(E|Hi)ep(Hi)

. (4)

Suppose that Hi � ch(E) = xi, for each i. Then we can apply the Principal Principle,

ep(E|Hi) = chHi
(E) = xi, (5)
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to obtain

ep(Hk|E) =
xkep(Hk)∑
i xiep(Hi)

. (6)

This equation encapsulates inductive learning about the various chance hypotheses {Hi} from
actual relative frequencies, described by E.

A question remains for this application of inductive probabilities, namely: what determines
the priors ep(Hi)? The answer to this question will depend on one’s interpretation of ep. A
personalist will say that, for each agent A, ep(Hi) is just crA(Hi), A’s personal credence in
the chance hypothesis Hi. A proponent of the logical interpretation will say that ep(Hi) is
uniquely determined a priori. (More on this debate next week.)

6 Further reading

• Hacking, I. (2001), An Introduction to Probability and Inductive Logic (Cambridge:
CUP), Chs. 16-19.
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