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1 Credence as the measure of an agent’s degree of partial belief

An agent can doubt some proposition without disbelieving it. And this doubt seems to come
in degrees. If belief is the absence of doubt, then this suggests that belief also comes in degrees.
But can it be quantitatively represented—in particular, by a probability?

Can talk of “degrees of belief” be eliminated in terms of (full) belief in chances, frequencies
or logical probabilities? It seems not: we have degrees of belief in unrepeatable events, and
subject to no external constraints (whether logical or empirical).

Subjective and personal interpretations of probability hold that probabilities are cre-
dences, which represent an agent’s degree of belief (perhaps, under certain circumstances).
Let crA(E) := agent A’s credence in the proposition E. Then this suggests that the following
inferences are valid:

• A believes E is certainly true ⇒ crA(E) = 1;

• A believes E is certainly false ⇒ crA(E) = 0.

Beware: The inverse inferences:

• crA(E) = 1 ⇒ A believes E is certainly true;

• crA(E) = 0 ⇒ A believes E is certainly false;

are invalid if the event algebra F(Ω) contains infinitely many mutually exclusive propositions.
Consider: (i) the dart board; (ii) infinite long-run frequencies of i.i.d. trials.

2 Ascertainability: measuring credences with betting behaviour

A key assumption of the subjective and personal interpretations is that an agent’s degrees of
belief are closely tied to their disposition to take or refuse certain bets.

2.1 Credences as subjectively fair betting prices

In a bet regarding proposition E, the odds on E, is the ratio O(E) = P/S, where £S (the
stake) is the amount put forward by the bettor, i.e. the price of the bet, and £P (the payoff,
or profit) is the amount by which the bettor stands to profit if E is true. In bookies’ jargon:
the odds on E are O(E) to 1. Clearly, 0 6 O(E) 6 ∞. Odds of 0 to 1 mean that, if E is
true, the bettor’s stake is returned (and so s/he makes no profit); odds of ∞ to 1 indicate
an infinite payoff with finite stake, or finite payoff with zero stake; odds of 1 to 1 (“evens”)
means that the bettor stands to double his/her stake.

On one view, credences are determined by subjectively fair odds, which are (Howson &
Urbach 1989, p. 56):
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‘. . . those odds on a hypothesis h which, so far as you can tell, would confer no
positive advantage or disadvantage to anyone betting on, rather than against, h
at those odds, on the (possibly counterfactual) assumption that the truth-value of
of h could be unambiguously decided.’

Let agent A’s subjectively fair odds on E be OA(E). (So A thinks e.g. £1 a fair price to
pay for a bet on E with a payoff of £OA(E).) Then A’s credence in E is

crA(E) =
1

OA(E) + 1
. (1)

£crA(E) then gives the subjectively fair price (for A) for a bet on E which pays £1, i.e. giving
a payoff of £(1− crA(E)).

2.2 Credences from Decision Theory

On another approach (e.g. Mellor 2005, Ch. 5), an agent A’s credence in E is the price that
A would name for a bet on A which pays £1, if A were forced to either make or take the bet
(but did not know which).

Why this focus on gambling? As Ramsey (1926, p. 79) observed,

‘. . . all our lives we are in a sense betting. Whenever we go to the station we are
betting that a train will really run, and if we had not a sufficient degree of belief
in this we should decline the bet and stay at home.’

This general idea is central to the field of Decision Theory, in which not only degrees of
belief, but also an agent’s utilities are represented numerically. Ramsey (and later Savage in
1954) proved that an agent’s credences (and utilities) could be determined (as much as we
could reasonably want) by his/her rational preferences. This is a representation theorem: an
agent’s rational preferences may be represented in Decision Theory by specific utilities and
credences—which satisfy the probability axioms.

For illustration, take the proposition E and two outcomes Cake and Death such that agent
A prefers Cake to Death. Then force A to choose between:

(i) if E, then A gets Cake and if ¬E, then A gets Death;

(ii) if E, then A gets Death and if ¬E, then A gets Cake.

If A is indifferent between (i) and (ii), then crA(E) = 1
2
. (See appendix for more.)

3 Admissibility: “Dutch book” theorems

Let subjectivism be the view that an agent’s degrees of belief are not rationally constrained
in any way at all. Then there is no reason to suppose them to be measured by probabilities :
i.e. they may violate the Kolmorogov axioms. Take e.g. a gambler G, who has degree of belief
1
6

of rolling a six with each of two given dice at any given time. G believes that the rolls are
i.i.d., but also has degree of belief more than 1

2
of getting at least one double six during 24

throws. Then G’s degrees of belief are inconsistent with the Kolmogorov axioms.
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Following de Finetti, let’s call an agent’s degrees of belief coherent iff they satisfy the
Kolmogorov axioms. The view that probabilities are credences, i.e. a measure of coherent
degrees of belief, is often called personalism, though it is also sometimes included in the
subjectivist camp.

“Dutch book” theorem
If an agent’s credences do not conform to the probability axioms, then it is possible to propose
a series of bets in which the agent is certain to incur a loss.

We will take, for example, an agent A for whom crA(E) = p and crA(¬E) = q. We will show
that A is vulnerable to a “Dutch book” if p+ q 6= 1.

• Case 1: p+ q < 1.

Then buy from A: (i) a bet on E for £p; and (ii) a bet on ¬E for £q. The payoff matrix
for you (i.e. a table of your possible profit or loss) is as follows:

Outcomes: E ¬E
bet (i): 1− p −p
bet (ii): −q 1− q

Total: 1− (p+ q) 1− (p+ q)

So no matter whether E is true or false, you will make £(1 − p − q) > 0 profit and A
will lose £(1− p− q) > 0.

• Case 2: p+ q > 1.

Then sell to A: (i) a bet on E for £p; and (ii) a bet on ¬E for £q. The payoff matrix
for you (i.e. a table of your possible profit or loss) is as follows:

Outcomes: E ¬E
bet (i): p− 1 p
bet (ii): q q − 1

Total: p+ q − 1 p+ q − 1

So no matter whether E is true or false, you will make £(p + q − 1) > 0 profit and A
will lose £(p+ q − 1) > 0.

Exercise: prove, for each of the three probability axioms, that if an agent’s credences fail to
satisfy the axiom, then a “Dutch book” can be made against him/her.

Finally, don’t forget the equally important

Converse “Dutch book” theorem
If an agent’s credences do conform to the probability axioms, then it is impossible to propose
a series of bets in which the agent is certain to incur a loss.

See Howson & Urbach (1989, pp. 59-63, 71-75) for a survey of alternative ways to justify the
coherence of degrees of belief.
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4 Problems and questions

• Agents can’t be forced to bet. e.g. bookies only sell bets. (And you can check that their
odds are not coherent: they are running “Dutch books” against their punters!)

• Unsettleable bets. Unverifiable outcomes and apocalyptic bets.

• Scaling and risk aversion. An agent’s disposition to bet is plausibly: (i) not invariant
upon scaling the stakes and payoffs; and (ii) influenced by his/her desire to avoid risk.

But decisions about which odds are (subjectively) fair need not entail any commitment
to take or make bets.

(We can completely overcome risk aversion in the case of Bernoulli trials. Consider the choice between:

(i) I will perform N trials, after which you will receive £S unconditionally;

(ii) I will perform N trials, after which you will receive £ S
pN for every positive outcome.

Assume: the betting analysis of credence; your credences are coherent; and that the sequence of N

trials is i.i.d. according to your credences. Then the Weak LLN entails that your credence in a positive

outcome is p iff, as N becomes arbitrarily large, you are increasingly indifferent between (i) and (ii).)

• Failures of independence. The betting analysis assumes: (i) that the agent’s taking or
making a bet is independent from the event being betted on; and (ii) the agent’s utility
is independent of the bet considered in and of itself.

• Is coherence too strong a condition? Coherence demands that necessary propositions
receive credence 1. But e.g. Goldbach’s conjecture is necessarily true if true, and nec-
essarily false if false. Does rationality really demand extremal credences? See Mellor
(2005, p. 72) for a way out here.

• Description or prescription? Are credences supposed to be psychological properties of
agents, or are they (as the use of the “Dutch book” theorems suggest) something more
normative? If the former, we cannot assume they are probabilities; if the latter, what
is their application? Mellor (2005, 71-74) counsels taking coherent degrees of belief as
idealizations, akin to point masses in mechanics.

5 Further constraints?

5.1 Bayesian conditionalizing and ‘diachronic coherence’

Let E := the information that A acquires between times old and new, and let crA,t(H) be
the credence that agent A has in proposition H at time t. Then Bayesian conditionalization
demands:

crA,new(H) = crA,old(H|E) =
crA,old(E|H)crA,old(H)

crA,old(E)
(2)

The last identity follows from A’s old credences being ‘synchronically coherent’. But why
should the first identity hold? Is it an additional constraint, or does it follow from synchronic
coherence? (see Hacking (2001, p. 180) vs. Howson & Urbach (1989, p. 68).)
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5.2 Open-mindedness

We cannot learn from experience at all if credences are extremal (0 or 1). This suggests the
additional constraints:

(i) crA(E) = 1 only if E is a priori true;

(ii) crA(E) = 0 only if E is a priori false.

But here we will again get into trouble if our algebra of events contains infinitely many
mutually exclusive propositions.

5.3 Expert functions

An expert function is—by definition—a probability which constrains rational credences. In
other words: let exp be an expert function defined over the same propositions as A’s credence
function; then A’s credences are said to be rational iff, for any proposition E,

crA(E | exp(E) = x, F ) = x, (3)

where F is any “admissible information” relative to E. This is sometimes written

crA(E | T, F ) = exp(E), (4)

where T is some theory which entails the values of the expert function.

An extreme example of inadmissible information is provided by F = E or ¬E; in this case
coherence demands that crA(E|F ) = 1 or 0, no matter what the value of x.

Let tr be the truth function, which assigns 1 to every truth and 0 to every falsehood. All
information is admissible as far as tr is concerned. It follows from the probability calculus
that tr is an expert function, though it is clearly not a very useful one! Is it reasonable to
treat anything other than tr as an expert function?

Some take chance (Lewis) or relative frequencies (Hacking) to define an expert function; I
will talk about them another time.

6 Appendix: Ramsey’s representation theorem

We saw in section 2.2 how to identify propositions in which an agent A has credence 1
2
. Let

us suppose that there is one such proposition, N . Let α, β, γ be three outcomes and UA(α),
etc. be A’s utility for outcome α, etc. Then, if A is indifferent between the options:

(i) if N , then A gets α and if ¬N , then A gets δ;

(ii) if N , then A gets β and if ¬N , then A gets γ;

then UA(α)− UA(β) = UA(γ)− UA(δ). This allows us to determine utilities for all outcomes
up to scaling and an additive constant (i.e. for all α, UA(α) 7→ U ′

A(α) = κUA(α) + c, where κ
is a positive real number and c is any real number.)

Once we have determined A’s utilities, we can determine all of A’s credences. For any
proposition E, if, for any three outcomes α, β, γ, the agent A is indifferent between the options:
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(i) A gets α no matter what;

(ii) if E, then A gets β and if ¬E, then A gets γ;

then A’s credence in E is given by

crA(E) =
UA(α)− UA(γ)

UA(β)− UA(γ)
. (5)

It is important to note two things here. First, according to equation (5), crA(E) is invariant
under the transformation UA(α) 7→ U ′

A(α) = κUA(α) + c. Second, if crA(E) is to be consis-
tently defined, we must assume that we get the same ratio for any three outcomes α′, β′, γ′

satisfying the condition of indifference above. This assumption defines Ramsey’s proviso that
A’s preferences be rational.
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